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Abstract 



The subject of this thesis is quantum groups and quantum algebras at a root of unity. 
After an introductory chapter, I set up my notation in chapter 2. The rest of the thesis 
is presented in three parts. 

In part I, quantum matrix groups and quantum enveloping algebras are discussed. 
In chapter ^, I present two well-known 2x2 matrix quantum groups, including their 
coaction on the quantum plane and specialisations at a root of unity. Chapter ^ devel- 
ops a quite detailed description of quantum enveloping algebras and their specialisation 
at an odd root of unity. The results from this chapter are required in part III. 

Part II is devoted to certain deformations of the quantum mechanical oscillator 
algebra: so called g-oscillators. In chapter |^, a standard g-oscillator and its Fock 
module is described, including its specialisation at a root of unity. In chapter ^ original 
work | Pet9^j|| on a new 2-parameter deformation of the oscillator algebra is presented 
and its representations at a root of unity are described. 

Part III is concerned with infinite dimensional quantum groups. In chapter 0, the 
structure of an (untwisted) quantum affine Kac-Moody algebra is discussed. As in 
the classical case, it has both a Chevalley and a loop algebra presentation, which 
can be shown to be isomorphic using braid group and translation automorphisms. A 
quantum affine algebra has also a Heisenberg subalgebra: I describe its Fock modules 
and their unitarisability. Finally in chapter I present original results ||Pet94|| on 
the specialisation of a quantum affine algebra at an odd root of unity. I prove that 
a quantum affine algebra at a root of unity has an infinite dimensional centre and 
construct the central elements corresponding to the real and imaginary roots. At the 
odd root of unity, some new infinite dimensional representations of the algebra are 
shown to exist. 
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CHAPTER 1 
Introduction 



This thesis describes work I have done in the area of quantum groups. It is presented 
in three parts. Part I is largely concerned with simple quantum enveloping algebras 
and quantum groups. Part II is devoted to g-oscillators. Infinite dimensional quantum 
affine enveloping algebras are described in part III. The next chapter sets my notation 
for the rest of thesis. 

I have tried to include references to the literature: the many omissions, that in- 
evitably have occurred, should be put down to ignorance rather than ill-will on my 
part. Also the thesis has been written in a quite mathematical style, even though my 
background has been in physics: I hope that in the process I have not made it difficult 
to read for both mathematicians and theoretical physicists! 

1.1. Quantum groups 

1.1.1. Quantum groups were first discovered by theoretical physicists to occur as 
symmetries of integrable l-|-l-dimensional systems, particularly through the quantum 
inverse scattering mechanism |pTF79|| . The strong relation of quantum groups to the 
Yang-Baxter equation 



Jim89 



and transfer matrices in statistical mechanical mod- 
els |Pax82|| was also crucial in their development. It was Drinfeld who realised that 
mathematically quantum groups are Hopf algebras. These beginnings led to two major 
formulations of quantum groups that will be discussed in this thesis, although the first 
will only be described briefiy. 



Faddeev, Reshetikhin and Takhajan ||RTF90|| developed the theory of matrix quan- 
tum groups. Drinfeld and Jimbo introduced 1-parameter deformations of universal 
enveloping algebras of semi-simple Lie algebras. Actually Drinfeld's and Jimbo's con- 
structions, although similar in structure, have rather different origins. The motivation 
behind Drinfeld's approach is the quantisation of so-called Poisson-Lie groups. The 
approach of Jimbo, which will be the one followed in this thesis, is more Lie algebraic 
and leads to a much richer representation theory. 

From a quite different direction, namely that of non-commutative geometry, Worono- 



wicz 



|Wor87a|| independently initiated the study of quantum groups from a C*-algebra 
point of view. Manin |[Man88|| constructed quantum groups as the covariance symme- 
tries of certain quantum (vector) spaces. The work of Woronowicz [WorH^] and Manin 
led to the field of non- commutative differential geometry of quantum groups ||WZ9CI|, 
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1. INTRODUCTION 



SWZ92|| and non-commutative spaces. Majid ||Maj93|| introduced braided groups and 
algebras. 

In chapter I discuss briefly some simple examples of matrix quantum groups, which 
co-act on the quantum plane. At a root of unity they have a large centre. At the end 
of the chapter, a 2-parameter deformed matrix quantum group ||SWZ91|| is mentioned. 



1.1.2. More recently it has been realised that quantum groups occur as symmetries 
of a large number of systems in mathematical physics (see for instance |1'EJ92| , |(JI''Z91| | ) . 
Notably quantum enveloping algebras occur as symmetries in quantum spin chains and 
solvable lattice models ||JM94|| , in two dimensional conformal field theory (see ||Fuc92|| ) 
and in massive integrable systems [ Smi92 ]. Quantum groups also play an important 
role in the theory of link invariants and knots HYG89|| . One can say that by now the use 
of quantum groups in theoretical and mathematical physics has become so wide-spread 
that almost every day new preprints appear describing their structure and applications. 

After Jimbo and Drinfeld introduced the quantum enveloping algebras of simple 
and affine Lie algebras, pure mathematicians (particularly Lie algebraists) gradually 
started to become very interested in these structures as a new development in Lie 
theory. Around 1990 many deep results on the representation theory of quantum 
enveloping algebras, particularly at a root of unity, appeared. Particularly notable 
is the work of Lusztig [|Lus93 | and of De Concini, Kac and Procesi. In their point 
of view, the specialisation of a quantum enveloping algebra at a p-th root of unity 
is a quantum version of the corresponding Lie algebra over a field of characteristic p. 
Lusztig's approach to quantum groups at a root of unity involves the specialisation of a 
subalgebra generated by divided powers with g-factorial numbers (a g-analogue of the 
Z-form of a classical enveloping algebra of Chevalley, Kostant and Tits) — this does not 
give an enlarged centre at a root of unity. I will not have time to describe his interesting 
approach. Kashiwara and Lusztig independently introduced some important bases of 
quantum groups in | )Kas9(]| , |Lus90a| 

In chapter ^, I describe in some detail the structure of the quantum enveloping 
algebra of a simple Lie algebra. I introduce Lusztig's braid group automorphisms, 
that allow a construction of a basis of root vectors of the quantum enveloping algebra. 
Following De Concini and Kac, I apply the braid group automorphisms to construct 
the large centre of a quantum enveloping algebra at an odd root of unity. The Verma 
modules at a root of unity are reducible, they are 'replaced' by finite dimensional 
diagonal and (semicyclic) triangular modules. Cyclic modules also exist. The example 



of quantum enveloping algebra of s[2, which first appeared in ||KR83|| , is given and 



studied at a root of unity. Finally a 2-parameter deformation of gl2 is mentioned. 

1.1.3. Representations at a root of unity. When the deformation parameter 
is not a root of unity, the representation theory of a quantum enveloping algebra is 
essentially the same |[Lus88| , |Ros88|| as that of the corresponding universal enveloping 
algebra of the simple Lie algebra. 

One of the exciting aspects of quantum enveloping algebras at a root of unity is 
the possibility of new types of representations that have no classical analogue. The 
irreducible representations, in the case of an odd i-th root of unity, are parametrised 
by m continuous parameters (with m equal to the dimension of the underlying Lie 



1.2. 9-OSCILLATORS 
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algebra) and have maximal dimension (where N is the number of positive roots of 
the Lie algebra). 

There are three distinct types of irreducible representations: nilpotent representa- 
tions, semicyclic (semiperiodic) and cyclic (periodic) representations, but mixtures of 
these three types can also occur. 

The nilpotent representations are deformations of classical representations with a 
highest and lowest weight, in which the positive and negative root vectors act nilpo- 
tently. They occur in 2d conformal field theories | |AGGS90| , pS90| , |l:'uc92|| 



In a semicyclic representation, for each positive root, the associated positive or neg- 
ative root vector (but not both) acts injectively. They are used in connection with 
lattice spin models and also relativistic solitons [pS92|] . It is possible to modify certain 
nilpotent representations (of appropriate dimension) so that they become a semicyclic. 

In a cyclic representation every root vector, corresponding to a positive or negative 
root, acts injectively. Cyclic modules have neither highest nor lowest weights, and 
their construction appears to be much more difficult, though considerable progress on 
this has been made (particularly for the case of cyclic modules of minimal dimension) 
DJMM914 IAC914 |A(J91b| , |CP9l4 PF92| , PF93| , |Sch93ai jjch93b|| . Cyclic module s 
first occurred in the study of the 8- vertex model with the Sklyanin algebra | Skl83 . 
Cyclic representations occur [ [BK1V1S9T| , pjlVlM9TE| ] in the context of the generalised 
Potts models. This work gave rise to new 7?.-matrices (solutions of the Yang-Baxter 
equation) which intertwine certain tensor products of minimal cyclic representations, 
which are the local state-spaces of the model, i.e. these 7^-matrices are the Boltzmann 
weights of the model. 



The difficult task of classifying the irreducible (cyclic) and indecomposable [ FS90 , 
AGL92|| representations of a quantum enveloping algebra at a root of unity is still an 
open problem. 



1.2. g-oscillators 

Since the invention of quantum mechanics, the quantum mechanical oscillator alge- 
bra has remained a key model in the theory of quantum physics and it is the basis 
of our understanding of quantum field theory and canonical quantisation. The oscil- 
lator algebra is also important in Lie algebra theory, since it allows the construction 
of realisations of Lie algebras. In retrospect then, it is perhaps not too surprising 
that g-analogues of the oscillator algebra were found in the context of quantum groups 
and from them g-oscillator realisations of quantum enveloping algebras could be con- 
structed. 

Chapter ^ has a detailed discussion of a typical g-oscillator algebra [ |Hay90|| and 
its representation theory, and some comparisons with other g-oscillators. The algebra 
has a large centre at a root of unity. Irreducible finite dimensional quotients of the 
Fock modules exist. Semicyclic [ SG91 1 and new cyclic modules are also constructed. 
Remarkably this algebra enjoys a unitary representation at even roots of unity. The 
quantum enveloping algebra of a classical simple Lie algebra can be bosonised with 
this algebra. I end this chapter with a new 2-parameter deformation of the oscillator 
algebra (compare | ]WV93| ]). 
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1. INTRODUCTION 



Chapter ^ is a 'mathematised' version of my work, published in | Pet93 ], describing 
the representations of a new quadratic (2-parameter) gr- deformation of the oscillator 
algebra, inspired by a 2-parameter deformation |[Fai90| 
of improvements over the original work [[PetOSI 



of sl2- There are a number 
for example the gr-oscillator algebra 
is considered at both odd and even roots of unity (rather than just even roots of 
unity). In both cases there exist irreducible finite dimensional quotients of its Fock 
modules. For real positive deformation parameters the Fock modules are unitarisable. 
Cyclic and semicyclic modules exist. Bosonisation maps for a number of well-known 
quadratic quantum algebras are constructed into the Heisenberg-Weyl subalgebra. The 
Heisenberg-Weyl subalgebra has a quantum group symmetry. 



1.3. Quantum afRne algebras 



1.3.1. Affine Kac-Moody algebras ||Kac90|| are central to our present understanding 
of conformal field theory (Wess-Zumino-Witten models), solvable lattice models, and 
low dimensional integrable systems. From the point view of Lie theory, they are also 
a generalisation of the theory of simple (finite) Lie algebras. They are characterised 
by Cartan matrices of affine type. To each affine Cartan matrix there is a quantum 
enveloping algebra (due to Jimbo and Drinfeld), called a quantum affine algebra. 

Quantum affine algebras arise as symmetries of quantum spin chains, solvable vertex 
and lattice models. In ||DFJMN"9^ the XXZ-spin chain model was studied in the ther- 
modynamic limit. Using the representation theory of quantum affine algebras, g- vertex 
operators ||FR92|| and corner transfer matrix methods, the authors were able to diago- 
nalise the XXZ-Hamiltonian and find its vacuum vectors. After they calculated corre- 
lation functions for the model ||JMMN9"2| as traces of bosonised [PJ88|| level 1 quantum 
affine algebra vertex operators, a large number of authors studied the bosonisations 
Ber89| , |Mat93| , Pou93| , |Kim92| , |AOS93| , PW93|| of quantum affine algebras further and 



g-analogues of the Wakimoto construction were obtained. Quantum affine algebras are 
also symmetries of some 2 dimensional integrable quantum field theories. For example 
quantum affine algebras are important in Toda theory [ [BL91| , [FF93|| . A further interest 
in quantum affine algebras is in the programme to try to develop a more geometrical 
understanding ( "g- conformal field theory") ||I''R92| , [Mat92|| and to better understand 
its relation to 2d integrable field theories ||Luk93|| . 

The representation theory of quantum affine algebras (for generic q) is quite well un- 
derstood. The results of Lusztig [[Lus88|] and Rosso [[RosSSj , describing the equivalence 
of the irreducible representations of a finite quantum group (at generic q) to the irre- 
ducible representations of the corresponding simple Lie algebra, extend ||Lus93| , 33] to 
the case of a quantum affine Kac-Moody algebra. In analogy with the classical results 
|Kac9q| 



see 



it has been shown ||ZG93|| that (a certain category of) integrable mod- 
ules over a quantum affine algebra (which includes all highest weight representations) 
are completely reducible and that every irreducible integrable highest weight module 
over a non-twisted quantum affine algebra with q G M>o is unitary. Chari and Press- 
ley ||CP91b|| have classified the irreducible finite dimensional evaluation representations 
(IFDRs) of the quantum affine algebra of and their tensor products. 

In chapter |^, I describe the quantum affine algebra of a (untwisted) affine Kac- 



1.4. SUMMARY OF ORIGINAL RESULTS 
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Moody algebra and a recent extension of the braid group automorphisms | Bec93|| , 
which allowed an explicit proof that Drinfeld's loop algebra presentation is isomorphic 
to the usual one. Fock modules of the Heisenberg subalgebra can be constructed. They 
are unitarisable when the deformation parameter is positive real. 

1.3.2. Quantum afRne algebras at a root of unity. The structure of a quantum 
affine algebra at a root of unity is not well understood. Infinite dimensional representa- 
tions of a quantum affine algebra at a root of unity at non-zero level, i.e. representations 
which are not evaluation representations or loop modules, have not been studied in the 
literature. 

Finite dimensional minimal cyclic representations of quantum affine algebras oc- 
DJMM9q , |DJMM91c|| in the context of the generalised Potts models. 



cur 

These representations are essentially evaluation map representations of the quantum 
affine algebra at a root of unity onto the cyclic (periodic) representation of the corre- 
sponding finite quantum group. 

In chapter p, I present my results |[Pet94|] on a quantum affine algebra at a root of 
unity. I show that a quantum affine algebra has an infinite dimensional centre at a 
root of unity. In particular I prove that at an odd £-th root of unity every real root 
vector in the algebra raised to the £-th power lies in the centre of the algebra. Also 
in the Heisenberg subalgebra, every imaginary root vector, whose mode number is a 
multiple of i is also central. Nevertheless a quantum affine algebra at a root of unity 
is infinite dimensional over its centre, and its modules with nonzero level (mod i) are 
necessarily infinite dimensional. 

An interesting problem would be to try to construct level 1 (and higher) vertex 
operators at a i-th root of unity. I hope that my results on a quantum affine algebra 
at a root of unity may help with this problem and find applications in solvable lattice 
models and integrable systems. They may for example have some relevance to the 
massless phase of the XXZ spin chain model (for which |g| = 1). 

1.4. Summary of original results 

Part I of the thesis is essentially all review. Most of the results in chapter |^ are well- 
known, though I believe proposition |5.2.8| , lemma ^.3.4| , lemma |5.7.2| , lemma ^.7.3| and 
section are new. Chapter |^ is original work. Most of the results of chapter |^ have 
appeared already in the literature or are natural generalisations of classical results, but 
I have not seen lemma [7.2.11| , lemma [7.5.11| and most of section |7]^ before. Chap- 
ter 



is original work, the most important results being proposition ^.2.2] , lemma |8.2.6| , 
proposition |8.3.5| , lemma |8.3.7| and proposition p. 5. 6 . 
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CHAPTER 2 
Preliminaries 

Let Z denote the set of integers, R the real numbers and C the field of complex numbers. 
Let , and denote the the corresponding sets with {0} removed. For m, n e Z, 

let [m,n] denote the set of integers in the range from m to n (empty if m > n). Let 
N denote the natm^al numbers (non-ncgativc integers). Let Z>o denote the positive 
integers and let Z<o denote the negative integers. Let M>o be the positive real numbers. 

I start by recalling the definitions of some elementary algebraic structures, to set up 
my notation. 

2.1. Groups, Rings and Fields 

Definition 2.1.1 (group). A group (G, •) is a set G with an operation •, such that 
(i) there is an identity element e in G 

e-g^g and g-e^g {^g e G); 

(n) the operation • is closed 

g-g'eG (yg,g'eG); 

(iii) the operation is associative 

9i ■ {92 ■ 93) = {91 ■ 92) ■ 93 (V^i, 92, 93 ^G); 

(iv) for every element of g & G there exists an inverse element g"^ 

g-g-^^e and g'^ ■ g ^ e {^g E G). 

Definition 2.1.2 (ring). A ring {R, +, ■) is a set R with an addition operation + 
and a multiplication operation ■, such that (i) {R,+) is a commutative group, (ii) the 
multiplication is associative and (iii) the multiplication and addition are distributive: 

{a + b)-c — a-c + b- c and a-{b + c) — a-b + a- c (Va, b,c & R). 

The identity element of {R, +) is usually denoted 0. If a ring R has a unity element 1 
(such that 1 ■ X = X = X ■ 1 (xG R)) then R is called a ring with unity {R, +, •, 1). 
A ring is said to be commutative if ab = ba Va, b & R. 
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2. PRELIMINARIES 



Let {R, +, ■, 1) be a ring with unity. An element in R is called a unit if it has both 
a left and a right multiplicative inverse. A ring in which every element, except 0, is a 
unit is called a division ring. A commutative division ring is called a field. 

Notation. From here on, unless otherwise stated, a field will always assumed to be 
of characteristic 0. 



Example 2.1.3. Let i? be a ring. The ring R [x] of polynomials in an indeterminant 
X with coefficients valued in R is an example of a commutative infinite dimensional 
ring. This can be extended to the commutative ring R[xi,X2, ■ ■ ■ ,Xn] of polynomials 
in n indeterminants with coefficients in R. Often it is also desirable to consider the 
ring R [x,x~^] of polynomials in an indeterminant x and its inverse x~^. 

From a commutative ring R with no zero divisors (equivalently an entire ring R or 
integral domain R), a quotient field Q{R) can be constructed. 

Proposition 2.1.4 (quotient field). Let R be a commutative ring with no zero 
divisors and let R' := R\{0}. Consider all pairs {a,b) & R x R' . Then {a,b) ~ {c,d), 
if a ■ d = b ■ c, defines an equivalence relation on R x R' . Define Q{R) := R x R' / ~ 
and denote the equivalence class containing {a,b) by [{a,b)]. The addition and product 
in Q{R) defined as 

[(a, b)] ■ [(c, d)] := [(ac, bd)] and [(a, b)] + [(c, d)] := [{ad + be, bd)] , 

give Q{R) the structure of a field, the quotient field of R. 

Proof. See for instance [ [b'ra82| , chapter 26]. □ 



Example 2.1.5. The quotient field of a ring of polynomials R[x]: eg C(g) : = 
Q{C [q, q~^]) is the quotient field of the ring of polynomials C [q, q~^]. 



2.2. Modules and Vector spaces 

Later when I come to consider the representations of quantum groups and quantum 
algebras, the notation of modules and vector spaces will be important. 

Definition 2.2.1 (module). Let i? be a ring. A left-module (M, +, R, ■) over R (or 
left i?- module) is an abelian group (M, +) and an operation of {R, ■) on M (i? x M i— *■ 
M) such that 

{a + b)-u = a- u + b- u and a-{u + v)=a-u + a- v {a,b E R,u,v G M). 
A module over a field k is called a vector space (A;- vector space). 



2.3. ASSOCIATIVE ALGEBRAS 



17 



2.3. Associative Algebras 

Notation. Let U he a. space (set). Denote by id the trivial map id : U ^ U, which 
maps u >—>■ u {u & U). When necessary, I use a subscript idu to emphasise the space 
on which the map is acting. 

Definition 2.3.1 (algebra). Let i? be a commutative ring. An algebra {A, +, R, •) 
over R (or i?- algebra) is an i?-module A with a bilinear product map m : A x A ^ A. 
An algebra is said to be associative if 

X ■ {y ■ z) ^ {x -y) ■ z {x,y,zeA). 

If A has an element 1 such that x-l = x = l- x{x&A), then the algebra is called an 
i?-algebra with unity, and there is an natural map fi : R ^ A, which maps // : a i— > a • 1 
(a e R) called the unity map, by definition it satisfies 

m o (/i X id) (a, x) = a • a; = m o (id x/i) {x, a) {a & R,x & A). 

Notation. Prom here on, unless otherwise stated, an algebra will always be assumed 
to be associative. 

Remark 2.3.2. Let {A,+,R, •) be an associative algebra. The bilinear product of 
the algebra maps m : {x,y) ^ x -y. Then the associativity of algebra can be expressed 
as 

m o (m X id){x, y,z) = mo (id xm){x, y, z) (x, y^z E A). 

Example 2.3.3. Let V be a vector space. Denote by End(V^) the set of all linear 
maps V ^ V , the algebra of (linear) endomorphisms of V . Given a basis of V , the 
elements of End(y) can be reahsed as matrices. 

Definition 2.3.4 (free algebra) . Let X {xi, X2, . . . , x„} be a set of n distinct 
letters. Consider the set of finite (noncommutative) monomials in the elements oiXVJl 
("strings of letters in the alphabet X"). The set of linear combinations of these mono- 
mials with coefficients in a ring R (noncommutative polynomials) R [[xi, 0:2, ... , a;^]] is 
naturally an abelian group {R [[xi, 0:2, ... , x^] , 1, +). It can be given the structure of 
an associative unital algebra {R [[X]] , +, 1, •) by defining the multiplication of any pair 
of monomials ■ ■ ■ Xi^ and Xj^ ■ ■ - Xj^ {ii, . . . ,ir & X , ji, . . . , js & X and r, s e Z>o) in 
an obvious way to be 

(3^11 ■ ■ ■ Xi^) ■ (Xjj • • ■ Xj^) .— ,Tjj • • • Xi^ ■ Xj^ ■ • ■ Xj^, 
(-^n ■ ■ ■ -^v) ' • ("^il ' ' ' "^v) ' 
1 ■ (2^11 ■ ■ ■ -^v) ■ — {"^il ' ' ' -^v)" 

This it!-algebra is called the free R- algebra on the generators in the set X. 

Definition 2.3.5 (subalgebra) . Let A be an i?-algebra, a subset B C Ais called 
a i?-subalgebra of A, if B forms a (closed) algebra in A. 

Remark 2.3.6. Let 5* be a subring of R and let ^ be a i?-algebra, then there is 
another type of subalgebra possible: an 5'-subalgebra of A. 
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Definition 2.3.7. Let A and B be i?-algebras. A i?-linear map 4> : A ^ B, is called 
an i?-algebra homomorphism if: 

(l){x ■ y) = (f){x) ■ (t){y) and 0(x + = 0(a;) + {x,y e A). 

If the homomorphism is injective ('one-to-one') and surjective ('onto'), the map is 
called an isomorphism and the algebras are said to be isomorphic. 

Definition 2.3.8 (ideal). Let A be an algebra, a subalgcbra J of .4. is called a left 
(respectively right) ideal, if Wx G I, A ■ x C I (respectively x ■ A T). A subalgebra 
which is both a left and a right ideal, is called a two sided ideal. If X 7^ ^, then X is a 
proper ideal of A. II X ^ {0}, then X is a nontrivial ideal of A. 

Notation. From here on, unless otherwise stated, an ideal of an algebra will always 
be a proper, non-trivial, two sided ideal. 

Lemma 2.3.9. Let A be an R-algehra, with a (two sided) ideal!. There is a canonical 
homomorphism (f> : A ^ A/I, called the projection map. It follows that the quotient 
A/T is an algebra (the quotient algebra of A by X). 

Proof. Consider elements x, x' , y, y' e A, such that x ^ x' and y ^ y' , but 0(a;) = 
4>{x') and (piy) = (f>{y'). Then I wish to check that the addition and multiplication are 
well defined in A/I, i.e. 



Let a — X — x' and b — y — y' . Clearly a,b & I. Then x + y — x' + y' + a + b and 
X ■ y — x' • y' + x' ■ b + a • y' . But a + b, x' ■ b, a ■ y' & I and the lemma is proven. □ 

Lemma 2.3.10. Let A := k [[xi, . . . ,Xn]] be a free k-algebra (on n generators). Let 
{ri, . . . ,rm} be m distinct elements in A and let J :— Spank{ri, . . .r^). Then I :— 
A - J ■ A is a two-sided ideal in A. Therefore the quotient A/I is an algebra. 

Definition 2.3.11 (centre). Let A be an i?-algebra. The centre Z{A) of A is 
defined to be the set {x & A \ x ■ y = y ■ x, 'iy & A}. 

2.4. Combining Vector spaces and Tensor algebras 

Definition 2.4.1 (Cartesian product). Let V and be two spaces. Then their 
Cartesian product is defined iohcV := {{v.,w) | G V^,w G W}. 

Let V and W be /^-modules. Two types of i?-module structure can be naturally 
defined on their Cartesian product V x W . 

2.4.2. Direct sum. Let V and W be i?-modules and V xW he their Cartesian 
product. V xW can be endowed with the structure of a i?-module V ®W, the direct 
sum of V and W , by defining 



(t){x + y) ^ (t){x' + y') and 0(x • y) = 0(x' • y')- 



a • {v, w) :— {a • v,a • w) 

{v, w) + {v', w') := [v -\-v\w-\- w') 



a e R,v,v' e V, w, w' G W. 



2.4. COMBINING VECTOR SPACES AND TENSOR ALGEBRAS 
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2.4.3. Tensor product. Let i? be a ring. Let V and W be i?-modules. Let M be 
the free module generated over R by the set V x W. Let N be the submodule of M 
defined by 

N := {{v + v' , w) — (f , w) — (f', w), (f , w + w') — (f , w) — (f , w'), 

{a ■ v,w) — a{v, w), {v, a ■ w) — a{v, w) \ Wv, v' E V,w,w' E W,a E R}. 

Then the canonical bilinear map (p : V x W ^ M/N := V ® W defines the i?-tensor 
product of V and W. Let v E V and w G W. Denote 0(f , w) hj v^w. By construction 
the following identities hold in V 

{a ■ v) ® w = a ■ {v ® w) = V ® {a ■ w), 

{v + v') ® w = V (g) w + v' ^ w, a e R,v,v' e V,w,w' e W 

V <g {w + w') = v®w + v®w'. 

The tensor product of two modules is a module and the tensor product over a field k 
of two A;-vector spaces is a vector space. 

Having taken the tensor product U ®V oi two -R-modules U and V , the process can 
be repeated: I can take the tensor product oi U ®V with another i?-module W to 
create [U ®V)®W {oi W ® [U ® V)). 

Proposition 2.4.4 (associativity). Let U, V and W be k-vector spaces. There 
is a unique isomorphism {U <g V) ® W U {V ® W), which maps 

{u ^ v) ® w u ® {v ® w) 

Proof. See for example [|Lan93| , chapter XVI]. □ 



Lemma 2.4.5 (twist). Let V and W be k-vector spaces. There is a unique isomor- 
phism V ® W ^ W ® V , V ® w w ^ V. 

Lemma 2.4.6 (tensor product of algebras). Let A andB be k- algebras. Con- 
sider then their tensor product B as vector spaces. This vector space can be given 
the structure of a k-algebra by defining the product in A® B to be 

{vi ® wi) ■ {v2 (S) W2) ■■= {vi ■ V2) (S) {wi ■ W2). 

A very important construction among associative algebras is that of the tensor al- 
gebra of a vector space. The universality of tensor algebras is essentially contained in 
the following fact: every (finitely generated) associative algebra is the quotient of the 
tensor algebra of some (finite dimensional) vector space. 

Definition 2.4.7 (tensor algebra). Let \^ be a fc-vector space. For each integer 
n G Z>o define T^iV) := {8>r=i V ■ Define T^iV) := k. Because the tensor product is 
associative (proposition |2.4.4|) , there is a bilinear map T^iV) x T^iV) T^'^^iV). 



Using this I can give the space 



T{V) := ^V®'' = k ® {V) ® {V ®V) ® {V ®V ® V) 

n=0 
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the structure of a fc-algebra the tensor algebra T{V) of V. The product in T{V) is 
again denoted ®. 

Lemma 2.4.8. (i) Let T(y) be the tensor algebra of a k-vector space V. T{V) is an 
associative, infinite dimensional k-algebra. 

(a) Let W be a k-vector space such that dim{W) = dim{V). Then T{V) and T(W) 
are isomorphic as k-algebras. 



Lemma 2.4.9. Let k [[xi,X2, ■ ■ ■ ,Xn]] be a free k-algebra with unity and let V be an 
n-dimensional k-vector space. Then k [[xi,X2, ■ ■ ■ ,Xn]] is isomorphic as a k-algebra to 
T{V). 

Let {f 1, f2, . . . , f„} be a hnear basis of V . Then the map 

k [[xi,X2, . . . T{V), 

Xi I > fj, 

is an A;- algebra isomorphism. 

Notation. Let ^ be a fc- algebra. I will denote the two-sided ideal X in A (freely) 
generated over k by elements {ri, . . . , r^} C A (cf. |2.3.1CI| ) by the notation 

(ri, . . . , r„) -.= 1 = A - Span({ri, . . . , r„}) ■ A. 



Remark 2.4.10. A important problem when considering the quotient of a tensor or 
free algebra by a two-sided ideal is whether the quotient algebra is associative or not. 

I briefly recall the construction of the symmetric algebra from the tensor algebra of 
a vector space. 

Proposition 2.4.11 (symmetric algebra). Let V be a k-vector space andT{V) 
its tensor algebra. The the elements {x®y — y®x\x,y& V} generate an ideal in 
T{y), Isym := {x ^ y — y <S) X \ X, y E V) . The quotient algebra S{V) := T{V)/Isym is 
a commutative infinite dimensional algebra, the symmetric algebra ofV. 



Proof. See for instance [[Hum72| , chapter V]. □ 



Remark 2.4.12. Let be a n-dimensional /c-vector space. Quotienting TiV) by an 
anti-symmetrising ideal, the exterior (grassmann) algebra 

AiV) := T{y)/{a ®b + b®a\a,beV), 

on V is constructed. A{y) is a 2" dimensional associative fc-algebra. 



2.5. LIE ALGEBRAS AND UNIVERSAL ENVELOPING ALGEBRAS 21 

2.5. Lie algebras and Universal enveloping algebras 

Definition 2.5.1 (Lie algebra). A Lie algebra (g, [•, •]) is a fc-algebra with a k- 
bilinear product map [•, •] ■ Q x q ^ g satisfying 

(antisymmetry) [x,x] =0 {x E g), 

(Jacobi identity) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = {x,y,z eg). 

Remark 2.5.2. The antisymmetry property [x,x] — {x E q) implies that [x,y] — 
— [y,x]. This is easily seen by considering [x + y,x + y]. 

Lemma 2.5.3. Let {A,-,k) be an associative k-algebra. Defining the commutator 
[■,■]■ Ax A 

[x,y] :^ X -y -y ■ X {x,y e A), 
then {A, [•,•]) is a Lie algebra. 

Proof. Antisymmetry follows immediately from the definition of the commutator 
and the Jacobi identity from the associativity of A. □ 

Definition 2.5.4 (Lie subalgebra). Let g be a Lie algebra. Let be a linear 
subspace of 0. If I) itself forms a closed Lie algebra, then i) is called a Lie subalgebra 
of 0. 

Example 2.5.5. Let n G Z>o. Consider the /c-algebra of n x n-matrices Ain (with 
entries valued in k). Then (A^n, [■, ■]) is a Lie algebra, usually denoted gln{k). The 
subset of A4n of traceless matrices, forms a Lie subalgebra, denoted sln{k). 

The standard way of analysing the structure of Lie algebras is by consideration of 
their ideals. 

Definition 2.5.6 (ideal). Let g be a Lie algebra and an Lie subalgebra of q. If 
[u, x] e [) (u e [) and a; e g), then t) is called an ideal of Q. 

Definition 2.5.7 (simple). Let g be a Lie algebra, which as a vector space has 
dimension greater than 1. The Lie algebra Q is called simple, if it has no (proper, 
non-trivial) ideals. 

Lemma 2.5.8 (quotient algebra). Let q be a Lie algebra and I) an ideal in q. 
Then the quotient algebra g/f) is a Lie algebra. 

Lemma 2.5.9 (derived Lie algebra). Let q be a Lie algebra. The subset q' := 
{[x, y] \ x,y & q} —: [q, q] forms an ideal in Q. 

Proof. Clearly g' is a Lie subalgebra of g, since 

[[x,y],W,y']] ^ &' x,x',y,y'eQ. 
That g' is an ideal of g, follows since [g, g'] C g' □ 
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It is well-known that universal enveloping algebras play an important role in Lie 
algebra and Lie group theory, specially in their representation theory (see for exam- 
ple |lHum72|| ). 



Proposition 2.5.10 (universal enveloping algebra). Let (g, [-, ■] ,+) be a Lie 
algebra. Let T{g) be the tensor algebra of the k-vector space {g, +). Consider then the 
following ideal in T{q) 

Iq:= {x®y-y®x-[x,y] \x,y eg) 

The quotient algebra U{q) := T(g)//g is called the universal enveloping algebra. U{q) 

is an associative infinite dimensional algebra with unity. 

2.6. Representations and Reducibility 

Definition 2.6.1 (representation). Let V be a fc- vector space and let .A be a 
/c-algebra. \i -k : A ^ End(V^) is a /c-algebra homomorphism: 

7r(a; ■ y) ■ v = ti{x) ■ n^y) ■ v, x,y E A,v E V, 

then the pair (V, vr) is called a (linear) representation of A on V. The vector space V 
carrying the representation tt of .A is also called an A-module. 

Definition 2.6.2 (intertwiner) . Let V and W be A-modules. A vector space 
homomorphism (p -.V is called an A-module homomorphism, if cj) is such that: 

0(7ry(a) ■ v) = 7iw{a) ■ 0(f), a G A,v e V. 

Such a map is also called an intertwining map (intertwiner) from V to W. If further 
(J) is an isomorphism of vector spaces, then (p is called an A-module isomorphism and 
the two modules V and W are equivalent as A-modules. 

Definition 2.6.3 (submodule) . Let V be an A-module. If V contains a proper 
linear subspace W, such that W is closed under the action of A (i.e. vr(A) ■ W C W) 
then W is said to carry a subrepresentation of A and is a A-submodule of V. 

Definition 2.6.4 (irreducible). An A-module is called irreducible, if it has no 
(proper, non-trivial) submodules, otherwise it is called reducible. 

Definition 2.6.5 (completely reducible). An A-module is called completely 
reducible, if it is equivalent to a direct sum of irreducible A-modules. 



Definition 2.6.6 (indecomposable). An A-module is called indecomposable, if it 
is not equivalent to a direct sum of (two or more) A-modules, otherwise the module is 
called decomposable. 

An irreducible A-module is always indecomposable, but in general there will exist 
indecomposable A-modules which are not irreducible. Of course the full reduction of 
an indecomposable representation gives an irreducible one. 



2.7. HOPF ALGEBRAS 
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2.7. Hopf Algebras 

I come now to the definition of some of tlie key objects, examples of which will be 
discussed in detail throughout this thesis. Earlier I wrote down the definition of an 
algebra. I define next a dual structure. It is dual in the sense of category theory and 
because it basically defines a structure with an "unmultiplication" map. 

Notation. Let V be an i?-module. The map a: V<S>V^V<S>V, which maps 
X ® y ^ y ® X (x, y e y), is called the twist map. 

Definition 2.7.1 (coalgebra). Let be a ring. A coalgebra {C,+,R,A) over R 
(i?-coalgebra) is a i?-module C with a linear map A : C — > C ® C called the coproduct 
(or comultiplication map). If 

(idxA) o A(x) = (A X id) o A(a;) (Vx e C) 

then the coproduct A and the coalgebra are called coassociative. If there exists a map 
e : C — > i? such that 

(e X id) o A{x) = x = (id xe) o A{x) (Vx e C), 

then the map e is called a counit map and the coalgebra is called a coalgebra with 
counit (C, +, R, A, e). A coalgebra (C, A) is called cocommutative if cr o A{x) — A{x) 
(Vx e C). 

Lemma 2.7.2. Let {A,+,m;k) be a (finite) k-algebra and let {A*,+;k) be the k- 
vector space dual to (A, + ;k), with the dual pairing {■, ■) : A* ^ A ^ k. Then the dual 
pairing induces a coalgebra structure {A*, +,A;k) on A* 

{A*{x*),x i^y) := {x*,m{x <^y)) {x* e A*;x,y e A). 

Many examples of coalgebras are also at the same time algebras. This motivates the 
following definition. 

Definition 2.7.3 (bialgebra). Let it! be a ring and B an i?-algebra. B has the 
structure of a bialgebra {B,+,m, A), if there exists a coproduct map A, that is an 
algebra homomorphism. Then (S, A; R) is a it!-coalgebra. 

Remark 2.7.4 (uniqueness). Usually a bialgebra is constructed by giving an al- 
gebra a coalgebra structure. However a coalgebra structure on an algebra is seldom 
unique. For any noncocommutative coproduct A on an algebra, the twisted coproduct 
A :— a o A affords another coproduct on the algebra. These two coproducts lead to 
two different bialgebras. 

Most bialgebras, that I shall consider, will have a unity n and a counit e homo- 
morphism and an inverse map S (anti- automorphism), which should be likened to the 
inverse map of a group G, that maps g i— > g~^ {g E G). 
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Definition 2.7.5 (antipode). Let {B,+, R,m, A, ij,,e) be a bialgebra with unity 
II and counit e homomorphisms. An algebra anti-automorphism S : B ^ B which 
satisfies 

S o m{x (8) y) — mo (S{y) <Si S{x)) x,y E B 
mo (S xid) o A(a) = // o e(a) = m o (id xS") o A(a) 

is called an antipode map. 

Remark 2.7.6. In contrast with the bialgebra structure of an algebra, which in 
general is not unique, the antipode map of a bialgebra is unique. 
Finally 1 am in a position to be able to make the following 

Definition 2.7.7 (Hopf algebra). A Hopf algebra {H, +, R,m, A, fi, e, S) is ahial- 
gebra with a unity (/i. : i? — > counit {e : 7i ^ R) and an antipode anti- 
automorphism S. 

Lemma 2.7.8. Let q be a k-Lie algebra and its universal enveloping algebra. 
Then U{q) has the structure of a Hopf algebra by extending the maps 



(Vx e 0, a e A;) 



homomorphically to all ofU{Q). 

Proof. It is necessary to show that all the Hopf algebra maps are algebra homo- 
morphisms. For the coproduct 

A{x-y-yx)^ A{x) ■ A{y) - A{y) ■ A{x) 

— {x-y)<^l + x<^y + y<^x + l<^{x-y) 

— {y-x)<^l — y<^x — x<S>y — 'i-<^{y-x) 
^{x-y — y-x)®l^-l®{x-y — y-x) 
= A([x,y]) 

□ 

2.8. Representations of algebras and Hopf algebras 

One reason for the importance of Hopf algebras is that the Hopf structure of an 
algebra facilitates the construction of representations of the algebra, as I now explain. 
A trivial representation of an algebra is one dimensional. 

Lemma 2.8.1 (trivial representation). Let A be a k-algebra (bialgebra) with a 
counit homomorphism map e : A ^ k. Then the counit map e gives a trivial one 
dimensional representation of A on k. 



A{x) 


:= X ^ 1 + 1 ^ X, 


A{a ■ 1) 


a • 1 (g) 1, 


fj.{a) 


:= al. 






e{x) 


:=0, 


e(a ■ 1) 


:= a, 


S{x) 


:= -X, 


S{1) 


■■= 1, 



2.9. YANG-BAXTER EQUATIONS AND i?-MATRICES 
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Proposition 2.8.2 (tensor product). Let A be ak-algebra with a bialgebra struc- 
ture +, •, A; A;). Let (7ri,Vi) and (772,^2) be representations of A. Then (7ri2,Vi(8) 
V2), with 

7ri2 := (tti (8) 'Kt) ° A, 
is an tensor product representation of the two representations. 

The antipode map allows the construction of dual representations. 

Lemma 2.8.3 (dual representations). Let {A,-;k) be a k-algebra, with a Hopf 
algebra structure {A, +, ■, A, S; k). Letuo be an algebra anti- automorphism of the algebra 
A. Let (tt, V) be a representation of the algebra A and let V* be the dual vector space 
ofV, with the dual pairing (■,■). Defining 

(7r^(x) • V*, v) := (v*, 7r(a;(x)) • v), 

then (n'^jV*) is the dual representation (dual A-module) to (tt, y) with respect to u. 
Note that the dual representation A End(\^*) is also a left representation: Tr*{x-y) — 
7r*{x) ■7r*{y). 

In particular choosing lo = S, the dual representation (tt*^, V*) is obtained. If the 
inverse of the antipode exists, cu — leads to another dual representation 
(7r^-\y*). 

Definition 2.8.4 (corepresentations). Let (C,A) be a /c-coalgebra and let V 
be a A;- vector space. A right corepresentation of (C, A) on 1/ is a map Ar -.V^Vi^C 
such that 

(A^ X id) o Ar{v) = (id X A) o Ar{v) {v e V). 

If further C is a coalgebra with counit, then a corepresentation Ar of (C, A, e) is required 
to satisfy 

(id xe) o AR(a;) = id(a;) {xeC). 

Example 2.8.5. Let {A,m) be an A;-algebra and let (^*, A) be the dual coalgebra. 
Let (tt, V) be a representation of A and V* the linear vector space dual to V, then the 
map Al 

{Al{v*),x (g) v)a^v {v*, tt{x) ■ v) 
is a left corepresentation of A*. 

2.9. Yang-BcLxter equations and 7?.-matrices 

When considering the tensor product representations of a (bi) algebra, an interesting 
problem is determining under what conditions (7ri2, Vi ® V2) and (7721, V2 <S) Vi) are 
equivalent. It is perhaps surprising that for a general Hopf algebra it is a nontrivial 
problem to find an intertwiner between these two tensor product representations. 
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Definition 2.9.1 (7^-matrix). Let {A,-,A]k) be a fc-bialgebra. Let {7Ti,Vi) and 
(7r2, V2) be representations of the fc-algebra {A, ■). If the tensor product representations 
7ri2 := (vTi X 712) o A and 7T21 := (7r2 x tti) o A are equivalent, then there exists an 
intertwiner TZu : Vi ® V2 — * V2 ® Vi: 

7^.12 o (tti (g) 712) o A(x) = {7T2 (S) TTi) o 7^12 ° A(x) X e ^. 

Lemma 2.9.2. Let {A,-,A;k) be a k-bialgebra and {ni,Vi) {i G {1,2,3}) be repre- 
sentations of the k-algebra (^, ■)■ 

// the following conditions are satisfied 

(1) there exist intertwiners TZij : Vt ^ Vj —>■ Vj ^ Vi (for all pairs such that 
i 7^ i) from the tensor product representation {jiij, Vi ® Vj) to {jiji, Vj ® Vj) and 

(2) the representations {iiijk, Vi ^ Vj ^ Vk) (T^ijk '■= (tTj x ttj x vTfc) o (A x id) o A : 
A End(V^i) End(V,) End(Vfc) ) are irreducible, 

then two intertwiners from the representation (7ri23, V2 ® V3) to {7T321, V3 ® V2 ® Vi) 
can be constructed from the R-matrices TZij and their equivalence (up to a scalar p & k) 
is expressed as 

(7^23 X id) o (id x7^l3) o (7^l2 x id) = p(id x7^l2) o (7^l3 x id) o (id x7^23). 

This is called the quantum Yang-Baxter Equation without spectral parameter . The 
lemma is proved for example in ||Jim92| , 2.1]. 



Part I 

Finite Quantum Groups 
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CHAPTER 3 

Matrix Quantum Groups and Quantum Spaces 



In classical differential geometry it is the commutative /c-algebra C°^(M, k) of smooth 
A;- valued functions on a smooth manifold M that is of central importance. C°°{M, k) 
contains in particular the functions, whose restriction to local open sets in M, gives M a 
local coordinate structure. In noncommutative differential geometry, noncommutative 
algebras take the role that C°°{M, k) had classically. 

3.1. The quantum groups of GL2 and SL2 

I start with two simple examples of matrix quantum groups: the quantum groups 
corresponding to the Lie groups GL2 and SL2. 

3.1.1. Recall that the Lie group GL2{C) (from here on denoted GL2) of complex 
2x2 matrices with nonzero determinant can also be defined in terms of its natural 
coordinates {a, b, c, d}, whose values on a matrix g e GL2 are the entries in the matrix: 



Of course the algebra fun(GL2, C) of polynomial functions (in {a, b, c, d}) is commu- 
tative: the coordinate functions commute. They also satisfy the relation a{g)d{g) — 
b{g)d{g) ^ for all g e GL2. 

The Lie group SL2 is defined to be the group formed by the subset {g G GL2 \ 
det{g) = 1} of GL2, the elements of GL2 with unit determinant. Since SL2 is a 
subgroup of GL2, I define fun(5'L2,C) to be the restriction of fun(GL2,C) to SL2: 
fun(5'L2,C) := fun (GL2, C) 15^3. I use the same symbols {a, 6, c, J} to denote the 
commutative coordinate functions of GL2 when restricted to SL2. They satisfy the 
relation a{g)d{g) — b{g)d{g) = 1 for all g G SL2. From here on, write fun(GL2) and 
fun(S'L2) respectively for fun(GL2,C) and fun(S'L2,C). 

Notation. Let A and B be associative A;-algcbra. Consider then two nxn matrices 
U = (Mij)ije[i,n] and V = {vij)i,jGii,n\, with elements Uij G A,Vij G B. Then 1 define 
the matrix tensor product U <^V of U and V to be the nxn matrix with entries 



9 = 



a{9) Kg) 
Kq) d{g) 



) 



n 
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30 3. MATRIX QUANTUM GROUPS AND QUANTUM SPACES 

Proposition 3.1.2. The polynomial function algebra fun(5'L2) is a commutative, 
noncocommutative Hopf algebra. 

The coproduct A : fun(5'L2) — > fun(5'L2) ® fun(5'L2) is given by 

The antipode map S : fun(5'L2) fun(5'L2) is 

^ ^ C I) " f ) . 

The counit e : fun(5'L2) —>■ C [q, q~^] is 

The coproduct and counit extend homomorphically and the antipode antihomomorphi- 
cally to the whole of hin{SL2). 



Remark 3.1.3. In order to extend this Hopf algebra structure to fun(GL2) it is 
necessary to 'complete' it by adding an element to it. D"^ is the essentially the 
reciprocal of the determinant function of fun(GL2), which cannot be expressed as a 
polynomial of the coordinate functions {a, b, c, d}. 

Definition 3.1.4 (fung(G'L2)). Let q be an indctcrminant with inverse q^^. The 
quantum matrix group (or quantised polynomial function algebra) fung(GL2) is defined 
to be the associative unital C [q, 5~^]-algebra with generators {a, b, c, d, D~^} which 
satisfy the relations 

is central, 

a ■ b = q b ■ a, a ■ c = q c ■ a, 

b ■ d = q d ■ b, c ■ d = q d ■ c, 

b ■ c = c ■ b, a-d — d-a={q — q~^) b ■ c, 

D-^ ■ {ad-qbc) ^1, {ad - qbc) ■ D'^ = 1. 

So iunq{GL2) := C [q, q~^] [[a, 6, c, d, D~^]] /Xq, where Xq is the two-sided ideal gener- 
ated by the above relations. 



Remark 3.1.5. fung(G'L2) = Y.k,i,m,n,pm ^ [q, q~'^\ a'^Ud^d^D"^ as a C [q, g'~^]-module 
(though this basis is overcomplete) . 
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3.1.6. It is often useful to do calculations in funq(G'L2) using the following matrix 
of the generators {a, 6, c, d} 

a h\ 



T ■-- 



c d 



Lemma 3.1.7. The element det q{T) := ad — qbc = da — q ^bc is central iniunq{GL2) . 
It is called the quantum determinant of fnnq{GL2) ■ 

The generator can be thought of as the inverse of the quantum determinant. 

Proposition 3.1.8. The quantum group function algebra funq(GL2) has the struc- 
ture of a noncommutative, noncocommutative Hopf algebra. 

The coproduct A : innq{GL2) fnnq{GL2) innq{GL2) is given by 

The antipode map S : funq{GL2) funq{GL2) is 

S:h ^)i^D-'( -^"'^V S:D-'^ad-qbc. 
\c d I {—QC a I 

The counit e : fung(GL2) C [q, q^^] is 

The coproduct and counit extend homomorphically and the antipode antihomomorphi- 
cally to the whole ofi\x\iq{GL2). The Hopf algebra maps act on the unity as A(l) = 
e(l) = 1 e C[g,g-i] and 5(1) = 1 G fung(GL2). 

Note also the matrix products: T ■ S(T) = 1 and S{T) ■ T = 1. 

Proof. The proposition is easily proved by checking that all the maps are consistent 
and satisfy the relations required of a Hopf algebra. □ 

3.1.9. The quantum group of SL2. |[FT86|| The quantum group funq(S'L2) is 
defined to be the quotient algebra of fvLiaq{GL2) generated by only {a, b, c, d} with unit 



quantum determinant (detq(T) = 1) satisfying the relations of funq(G'L2) (see |3.1.4|) . 
So 

fvLiiq{SL2) := funq(G'L2)/ {D^'^ — 1, ad — qbc — 1). 
So the quantum group fung(S'L2) is a quotient algebra of the quantum group fuHq{GL2). 

Proposition 3.1.10. Let {a, b, c, d} and {a', b', c', d'} be two sets of noncommutative 
coordinates of iurLq{SL2) , both satisfying the relations o/ p.l.4 Let 



^-■=[c dl ^'-■=\c' d' 
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Consider the maps L,R : fung{SL2) — > fuiaq{SL2) ® funq( 5*172) given by the matrix 
tensor products L : T T®T' and R : T T'®T 

\c a I \c a I \c d I 

The maps L and R are C [q, q~^]-algebra homomorphisms. 

A special case of this result, is the coproduct map A : T i— > T^T, which is a 
homomorphism fuHg{SL2) funq(S'L2) ®funq{SL2). 

3.1.11. Classical limit. Let e G C^. I define the specialisation fun^{SL2) of 
fung(S'L2) at g = e, to be fuia^{SL2) := funq(S'L2)/ {q — e). 

A particularly important specialisation of funq(S'L2) is funi(S'L2) at g = 1. 

Lemma 3.1.12. The C- algebra fmLii{SL2) is a commutative algebra. It is Hopf alge- 
bra isomorphic to fun(S'L2). 

Proof. It is clear from the definition of fnn^{SL2) that at e = 1, fun^{SL2) becomes 
a commutative algebra. Further ad — be = 1. This proves the algebra isomorphism 
funi(5'L2) — fun(S'L2). The Hopf algebra isomorphism follows similarly. □ 



3.2. The Quantum Plane 

Lie groups occur often as the transformation or symmetry groups of a vector space 
(perhaps with certain additional structures (for example inner products or a symplectic 
structure), which may also be invariant under the group action). It is interesting to 
consider what the analogue of an action on a linear space is for a matrix quantum 
group. 



3.2.1. Consider an n-dimensional C-vector space V. Let V* be the vector space 
dual to V. A (dual) basis in V* forms a set of linear coordinates on V. Let {xi \ 
i = l,...,n} be a basis of V*. The C-span of all monomials in these coordinates 
has a natural structure of a commutative algebra fun(V, C) (fun(K)) (the polynomial 
function algebra on V") and is isomorphic to the symmetric algebra S{V*) over V*. 
Definition 3.2.2. ||Man89|| Let q be an indeterminant with inverse q~^. The quan- 



tum vector space (or quantum function space) fung(V^) of dimension n is an associative 
C [q, g"^]-algebra with unity and n generators {xi, . . . , x„} which satisfy the relations: 

Xi ■ Xj = qXj ■ Xi {1 < i < j < n). 

Then fung(y) := C [q, q^^] [[xi, . . . , /J7g, where J7g is the two-sided ideal generated 
by the above relations. 



3.3. COACTION OF fun^[SL2) ON THE QUANTUM PLANE /un^(T/2) 
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3.3. Coaction of funq(S'L2) on the quantum plane fung(V2) 

Next I consider how a quantum group function algebra co-acts on a quantum vector 
space. Since the objects are defined in terms of the dual (noncommutative) function 
algebras, the arrows in the maps are reversed relative to the usual maps of a (Lie) 
group acting on a vector space. 

Definition 3.3.1 (coaction). Let /c be a field. A left coaction of a fc-bialgebra B 
(with counit e) on a fc-algebra V, is a fc-algebra homomorphism A^^ : V ^ iS® V, which 
satisfies 

(idxAi) o Al = (A X id) o {V ^B®B®V) 
(exid)oAL = Zfc {y->k®V). 

Here ik is the isomorphism V — ^ k(^V. When the bialgebra B co-acts on V, then V is 
called a left S-comodule (or a left corepresentation) of B. A right coaction (V V®B) 
and right comodule are similarly defined (c.f. p.8.4|) . 

Consider now a 2 dimensional C-vector space V2 and the quantum vector space 
fung(V2). Call fung(V2) the quantum plane. 

Lemma 3.3.2. Write {x,y} {xy = qyx) for the generators {xi,X2} of the quantum 
plane funq(V2). The quantum plane funq(V2) is a funq{SL2)- comodule. The left coaction 
Al : fung(V2) — > funq(S'L2) (8>funq(V2) is given by 

Proof. 1 check that Al{x ■ y) = qAiiy ■ x). 

AL{xy) = Al{x) ■ AL{y) 

= {a®x + h®y)-{c®x + d®y) 

= ac ® XX + ad ® xy + he ® yx + hd ® yy 

= q{ca xx) + q{da + (g — q^^)hc) ® yx + he ® yx + q{dh yy) 
= q{ca ® XX + da ® yx + he ® xy + dh ® yy) 
= q{c ^ X + d ^ y) ■ {a <S) X + h ^ y) 
= qAL{y)- Al{x). 

□ 

3.3.3. Let be a C-vector space and let e G C^. Define the specialisation ixm^iV) 
of imiqiy) at g = e to be the C-algebra i\xn.^{y) := fung(V)/ {q — e). 

Lemma 3.3.4. funi(\/) ~ iun{V) as C-algebras. 
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3.4. Representations of Quantum groups 

Notation. In a bialgebra, let the notation 

i 

denote tlie components of tlie coproduct. 

Recall that in a Lie group G there are some natural actions of the group on itself. 
There is the left action Ig : g' ^ gg' and the right action rg : g' g'g and the adjoint 
action Adg : g' ^— gg'g~^. The adjoint map Adg acts as a automorphism of G for each 
g & G. For a quantum group the equivalent of the left and right actions is essentially 
given by the coproduct (see |3.1.10| ). 



Definition 3.4.1 (adjoint action). The quantum adjoint action of a Hopf alge- 
bra H on itself is defined by 

Ad(x) -.n^n, 

Ad(x):y^E^(i.)2/^(^(2.)). 

i 

The map Ad(x) : fung(S'L2) fung(S'L2) (x G fung(S'L2)) gives the adjoint repre- 
sentation of fuHg{SL2) on itself. 

3.5. fwo.^{SL2) and fune(V2) at a root of unity 

Proposition 3.5.1. Let i be an integer such that £ > 2. Let e = (a primitive 
i-th root of unity). 

(a) In fun^iy), the elements {x^ \ i G [1,?t-]} are central, 
(h) In i\m^{SL2) , the elements {a^ , , , d''} are central. 

Proof, (a) In fung(V2), x^y = e^yx^ = yx^, so x^ is central. Similarly y^ is central, 
(b) That and are central, follows from (a). To show that is central it is necessary 
to check only that a^d = da^, since it clearly commutes with b and c. Using the relation 
ad — da = {q — q^^)bc, the following identity is proved by induction 

a' .d = d-a' + {e- e-')e'-^ [i^ b-c- a'-\ 

Since [i]^ = 0, a^ is central in fune(S'L2). The proof that d^ is central is similar. □ 

Corollary 3.5.2. (a) Let Zy be the central subalgebra of fun^{V) generated by 
{x\ I i G [1, "".]}. fun£(V") is finite dimensional over Zy, i.e. ivM^iV) is a free module 
over Zy with basis 'x^^ ■ ■ -a;;^" (rui G [0, £ - 1], z G [1, n]). 

(b) Let ZsLi be the central subalgebra offuia^{SL2) generated by {a^, b^, c^, d^}. Then 
fuia^{SL2) is finite dimensional over Zsl2- fune(S'L2) is a free module over Zsl2 ^^^h 
basis a'^^b'^^c'^H'^^ (mi, 7712,7713,7714 e[0,i- 1]). 



m 



Remark 3.5.3. Representations of fune(5'L2) at a root of unity have been studied 
KP94|] . The case of a general quantum matrix group at a root of unity is described 



in |ID(JL93||. 
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Lemma 3.5.4. The map cu : fung{SL2) fnrLg{SL2) given by 

: T I— >• S{Ty, uj : q q, 

is an anti-automorphism of SL2. 

Proof. It is easily checked that u is an anti-automorphism of iunq{SL2). Here I 
check that 

u!{ab) — qijj{ha) — uj{h)uj{a) — qijj{a)uj{h) 
— —q~^{cd — qdc) 
= 0, 

and 

u){ad — da — {q — q~^)bc) = ad — da — {q — q~^)bc 

= 0. 

The rest of the relations of fun^(5'L2) are similarly shown to map into each other under 
cu. □ 

3.6. The 2-pcirameter Quantum Group funpg(GL2) 

3.6.1. Let p, q be indeterminants with inverses p~^, q~^. Let C [p, p~^, q, q^^] be the 
ring of polynomials in p, q and their inverses. Consider the associative C [p-,p~^, q, q~^]- 
algebra funpg(GL2) generated by {a, b, c, d, D~^} satisfying the relations 

a ■ b — p b ■ a, a • c — q c • a, 

b ■ d — q d ■ b, c ■ d — p d ■ c, 

p b • c — q c ■ b, a-d — d-a — {p — q~^) b ■ c, 

D-^ -a^a- D-\ p D'^ ■ b ^ q b ■ D-\ 

qD-^ -c^pc- D-\ D-^ -d^d- D-\ 
D-^ ■ {a ■ d - q c ■ b) = 1. 

This is a 2-parameter deformation of fun(GL2). Note that ad — qcb is not central in 
funpg(GL2), so there is no simple way of defining a 2-parameter deformation of fun(5'L2) 
as a quotient of this algebra. 

3.6.2. funpq{GL2) is a Hopf algebra. The coproduct A : funpq{GL2) funpq(GL2)(8) 
funp^(G'L2) is given by 

The antipode map S : funpg(G'L2) funpg(GL2) is 

^ : ^)i^D-'( -^~'^] , S:D-'^ ad - pbc. 
\c d I y—QC a I 
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The counit e : funpq(GL2) ^ C [g, g ^] is 




The Hopf algebra maps act on the unity as A(l) = 1® 1, e(l) = 1 G C ^, g, g 
and 5(1) = 1 e funpq(GL2). 

Remark 3.6.3. There is a Hopf algebra isomorphism funpq(G'L2)/(p—g) ~ fung(GL2) 

3.7. Quantum phase space 

The algebra Qh := C / {xp — px — hi) can heuristically be thought of as the 

general 'quantum mechanical phase space of a particle in one dimension' (with 'non- 
commutative phase space coordinates' x and p) and Qg^n. '■= C / (xp — qpx — hi) as 
a 'deformed quantum phase space'. 1-parameter deformations of bosonic and fermionic 
quantum mechanical phase space and their symmetries have been studied by Zu- 



mino ZumQll in the 7^-matrix formalism. 



CHAPTER 4 
Quantum enveloping algebras 



4.1. Introduction 



In 1985 Jimbo and Drinfeld independently introduced |Pri85| , |Jim85|| a g-analogue 



of the universal enveloping algebra of every simple (and affine) Lie algebra. In this 
chapter I describe some results, due mainly to Lusztig and to De Concini and Kac, on 
the quantum enveloping algebra of a simple (finite) Lie algebra and its 'specialisation' 
at an odd primitive root of unity. The techniques and results described here will be 
assumed in chapters |^ and ^, when I come to consider quantum affine (Kac- Moody) 
algebras and their specialisation at a root of unity. Let me summarise the ideas and 
contents of this chapter. 

4.1.1. In the spirit of Kac, to every symmetrisable, positive definite Cartan matrix 
(aij), there exists an associated unique simple finite dimensional Lie algebra g over C 
and its universal enveloping algebra ly({g). Also associated to (aij), there is a set of 
fundamental weights, simple roots, a weight lattice, a root lattice, a braid group, a 
Weyl group and so on. The Weyl group acts naturally on the root lattice and induces 
a corresponding automorphic action of the braid group on q and U{g). In particular 
the Weyl group action on the simple roots, which generates the complete root system 
of g, lifts to an action of the braid group on the Chevalley generators. This action 
generates all the root vectors of g. To each reduced expression of the longest element 
of the Weyl group, there is an associated basis of the root vectors of g. Finally, as I 
mentioned in p.7.8| , U (g) is a cocommutative Hopf algebra. 

In the quantum case, Drinfeld and Jimbo have associated to each (aij) a quantum 
enveloping algebra Wg(g) with relations in terms of a quantum Chevalley presentation. 
In this chapter I concentrate on the case when the Cartan matrix is of finite type, 
i.e. that of a simple finite dimensional Lie algebra g. (The quantum groups associated 
to affine Cartan matrices are considered in part III.) The quantum enveloping alge- 
bra Wg(g) is a nonco commutative Hopf algebra. At the specialisation g = 1, it can 
be shown rigorously that a certain subalgebra of Wq(g) becomes isomorphic (modulo 
certain central elements) to the classical universal enveloping algebra W(g). In the 
quantum case the problem of finding a basis of root vectors is a rather more difficult 
problem than for a classical Lie algebra. This is basically because the Hopf algebra is 
nonco commutative (or equivalently the quantum adjoint action acts essentially like a 
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g-deformed commutator). This problem was solved by Lusztig, who proved that the 
Weyl group action on simple roots can also be lifted to an automorphic action of the 
braid group on Uq{Q). He further showed that, in analogy with the classical case, to 
each reduced expression of the longest element of the Weyl group there is an associated 
basis of root vectors ofUq{Q). 

The representation theory of Uq{g) has been developed to a quite mature state (at 
least in the case of q generic). The fundamental highest weight modules are the Verma 
modules over hlq{Q). All other highest weight representations generated by a single 
vector can be constructed out of the Verma modules and their quotients. 

4.1.2. A remarkable facet of quantum group theory is the case when g is a primitive 
£-th root of unity e. There exists a specialisation We (5) of Uq{Q) at g = e. In this case 
the centre of U^{q) is much enlarged. The large centre is most easily constructed as 
follows. First one proves that the Chevalley generators to the ^-th power lie in the 
centre of IA^{q). Then by successively applying the braid group generators to these 
central elements, all the new central elements arc found. Lusztig, De Concini, Kac and 
Procesi think of the root of unity case as a g-analogue of a simple finite Lie algebra 
over a field of positive characteristic £. 

With this information it is possible to study the representations oiUe{Q) at a root of 
unity. Because of the large centre it turns out that every Verma module over IA^{q) is 
reducible, and has a natural reduction to a (finite dimensional) 'diagonal module'. More 
interestingly at a root of unity there exist finite dimensional modules over U^{q) that 
are not quotients of a Verma module: these include 'cychc' ('periodic') modules and 
'semicyclic' ('semiperiodic') modules, where all or some of the Chevalley generators act 
injectively. Unfortunately I do not have time or space to describe the paramctrisation 
of the irreducible finite dimensional representations of We(0) at a root of unity, due to 
De Concini, Kac and Procesi. 

The case of Uq{s[2) is the simplest. In this case it is rather straightforward to write 
down all the irreducible finite dimensional representation both at q generic and at g a 
root of unity. 

4.2. The Lie algebra g 

4.2.1. Let ( ^ij)* je[i,r] be an r X r matrix with integer entries, such that the diagonal 
elements an = 2, the off-diagonal elements aij G {0, —1, —2, —3} {i 7^ j) and there exist 
r positive coprime integers di (i e [1, r]) such that {diUij) is a symmetric positive definite 
matrix. Then (aij) is the Cartan matrix of a simple finite Lie algebra q of rank r. 

Notation. As usual I define in a Lie algebra the adjoint map to be ad{x)y := [x, y]. 

4.2.2. The Lie algebra q associated to the Cartan matrix (aij) has the following 
relations over C among its Chevalley presentation generators {hi,ei,fi \ i e [l,r]}: 





hi, hj 


= 0, 




) fj 


— ^ijhi. 




h- e- 






hi, fj 




ad(ei)^ 




= 0, 


ad(/,)^- 




= 0. 
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The last two relations are called the Serre-Chevalley relations (or Serre relations for 
short). Let be the universal enveloping algebra of g, as defined in p.5.10 . 



4.3. Lattices, Braid group and Weyl group 

4.3.1. Weight lattice. Let P be a free abelian group over Z (or Z-lattice) with 
generators {ui | ^ G [l,r]} 

P := 

ie[l,r] 

P is called the weight lattice of g. 

Let := Hom(P, Z) be the dual lattice to P with a dual basis 11^ := {a^ \ i G 
[1, r]}, so that under the dual pairing (-,■): P x ^ Z 

is called the coroot lattice of g. 

4.3.2. Root lattice. Define the elements 

:= ^ aijUj G P. 
ie[i,r] 

They generate a free abelian subgroup (sub-lattice) of P: 

Q:= C P, 

i6[l,r] 

called the root lattice of g. The pairing on P x restricts to Q x as 

Let P+ := Z]je[i,r] (^he positive weights) and := Z]ie[i,r] ^cti- Define a partial 
ordering > in P by A > /U, if A — /i G P+. 

4.3.3. Symmetric form. Define a bilinear map (■,■): P x Q Z by 

(wi, aj) := di6ij. 

Note that the restriction of this map to Q x Q defines a symmetric Z-valued bilinear 
form on Q, since 

(cij, Clj) diCLij. 

4.3.4. Define the following numbers from the Cartan matrix 



arccos 



2 ^ 

Then rriij = 2, 3, 4, 6 (z 7^ j), when ajj-ajj = 0, 1, 2, 3 respectively. Note that rriij = rriji. 

Definition 4.3.5 (braid group). The Braid group B associated to the Cartan 
matrix (a^) is generated by {Tj,Tj~^, 1 | i G [1,t]}. They satisfy the relations 

r,Tr' = 1 = Tr'T,, 

TiTjTi ■ ■ ■ = TjTiTj ■ ■ ■ (ii^j)- 
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The Braid group B is infinite. 

Definition 4.3.6 (Weyl group). The Weyl group W associated to the Cartan 
matrix (0^) is the quotient of the Braid group B by the normal subgroup generated 
by TjTj and Ti~^Ti~^ [i G [1,t]), corresponding to relations Tj = Tj~^ [i G [1,?"]) in W: 

W ■.= B/{TlTf^\ie[l,r]). 

I denote the image of Tj under the canonical map B ^ W hy si. For completeness I 
write down the relations that these generators of W satisfy: 

s,^ = l (^G[l,r]), 

SiSjSi • • • SjSiSj'"' {% ^ . 



The Weyl group W of the simple Lie algebra q is finite. W is an example of a Coxeter 
group. 

Proposition 4.3.7. Let W he the Weyl group associated to {aij). The following 
action ofW on P 

Sj : X (— > X — (x, a'^)ai (x G P), 

is a group homomorphism W Aut(P) = GL{P), i.e. this action defines a represen- 
tation ofW on P. 

Proof. Since the map is linear in x, it is clear that the action is automorphic. To 
prove that this defines a representation of W, it is necessary to check that the relations 
of W are satisfied on P. I show that Sj^(x) = x (x G P). 

sf{x) = Si{x — {x,a()ai) 

= Si{x) - {x,a^)si{ai) 
= X, 

since Si{ai) = —at. Hence Si acts as a reflection in P. The braid relations of W are 
similarly checked case by case. □ 

Note that the root sub-lattice Q of the weight lattice P is invariant under the action 
of W, i.e. W : Q Q G P. In particular W acts on the generators of Q as 

Sj : aih^ ai- {ai, a^)aj. 

Hence the restriction of the action of to Q, gives a subrepresentation of TV on Q. 

Lemma 4.3.8. The following action ofW on gives a representation ofW on the 
coroot lattice. 

V V / V\ V 

Si : — (ttj, /Oj , 



Proof. The lemma is proved analogously to |4.3.7| . □ 



4.4. THE HOPF ALGEBRA Ug{g) 
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4.3.9. Roots. Let 11 := {ctj | i e [l,r]}, the simple roots of Q. Define the root 
system of g corresponding to (a^) to be i? := 1^ • 11 and i?+ :— Rd (the positive 
roots of g) . 

Lemma 4.3.10. The pairing (■,■): P x ^ Z is W -invariant: 

= (Vx e P,z/^ e Q\z e [l,r]). 

Proof. Let x e P and e Q^. 

{si{x),y'^) = {x - {x,a-)ai,y'^) 

= (x,?/^) - {x,at){ai,y^) 
= {x^y"^ - {a^,y'^)a{) 
= {x,Si{y^)). 

□ 



Corollary 4.3.11. 

= (Vx G P,y^ G Q\i G [l,r]) 

4.3.12. Length function of W . Let w G H^. The length of w is defined to be the 
smallest integer n > such that there exist ii, ^2, ■ ■ ■ , £ [1; ''^] with w = Si-^Si^ ■ ■ ■ 
I write l{w) = n for the length of A shortest expression Sjj ■ ■ ■ of w is called 
a reduced expression of w. Note that a reduced expression is not unique in general. 

The identity element 1 G has length /(I) = 0. The generators of W have length 
l{si) = 1. There is a unique longest element of W, which is denoted Wq. It has the 
property that Wq : — > —R+ and = 1. 

4.4. The Hopf algebra Uq{g) 

Notation. Denote by C [q, q~^] the ring of polynomials in the indeterminant q and 
its inverse q~^. Denote by C(g) the quotient field of C [q, q~^]- Define qi :— q'^\ In C{q) 
I introduce the following standard notation 



m 
n 



[m]! := HJm- 1]^ 
[0] ' := 1, 



III I 



[nU [m - n] 



(m G Z), 
[1], {m > 0), 

(m > n > 0). 



Let m G N, such that m > 1. Note the following identity, which holds in Z [q, q ^] C. 
C [q, q-'] C Ciq) 



{q - q'') (g"-^ + + • • • + q'-"" + q 



l—m\ 
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From it follows that [m] , [m] ! G Z [g, g ]. It is also well known [[Lus88|| that 



m 
n 



-I 9 



Z[g,g-i]. 

I come now to the definition of the quantum universal enveloping algebra of a Lie 
algebra g. 

Definition 4.4.1. Let g be a simple finite Lie algebra with Cartan matrix {aij) 
G [1,t]). The quantum universal enveloping algebra Wg(g) of g is the associative 
unital C(g)-algebra with generators {/cj^^,ej,/j | i G [1,t]} satisfying the relations 



ki ' ki = 1 = ki ' ki, 

ki ■ 6j ' ki Qi 6 J , 

f f _ r ki — ki 

' Jj Jj ' "ij 

Qi ~ Qi 



ki ■ fj ■ ki — Qi ^ f: 
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l—ai 



n=0 



E (-1)' 

n=0 



1 - ai 



n 



1 - aij 
n 



P.^ . p. . p.^-o-ij-"^ 



fi ' fj ' fi 



1i 



The last two sets of relations are called the quantum Serre relations. 

4.4.2. The quantum enveloping algebra Wg(g) can be endowed with the structure 
of a Hopf algebra. 

Proposition 4.4.3. The following maps, when extended homomorphically to the 
whole ofUq^o), make (Uq^Q), ■, 1, A, e, 5*; C(g)) a Hopf algebra. 
The coproduct map A : Uq{g) Uqio) ®Uq{Q) is 

A : I— >• Cj ® 1 + fcj Cj, 
A: fi^ fi® ki-^ + 1 ® /i. 

The antipode map S : Uq{g) Wg(g) is 

S '. ki \ '>■ ki , S* : Cj I > ki Cj, S : fi \ ^ fiki- 

The counit map e : Wq(g) C(g) zs 

e : /Ci 1, e : e, 0, e: fi^O. 



4.4. THE HOPF ALGEBRA Uq{e) 
4.4.4. There is a C-algebra anti-automorphism uj : Wq(g) 
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UJ : fcj 
a; : d 



ft) 



UJ : q 
^ ■ fi 



Also there is a C-algebra automorphism ip : Ug^Q) Uq^Q) 



if : ki 
LP : d 



ki., 

fit 



Lf : q ^ q 



4.4.5. Let Wg(n+), Wg(t)) and Wg(n_) be the subalgebras of Ug{g) generated by 
{cj I 2 G [1,t]}, {ki,ki~^ I i G [l,r]} and {/j | i G [1,t]} respectively. From the 
defining relations of Wg(g), it follows that any element of Uq{g) can be written as a 
sum of monomials ordered such that elements of Wq(n_) appear on the left, elements 
of Wq(f)) in the middle and elements of Uq{n+) on right in each monomial. Therefore 
W,(0)=W,(n_H([)KK), 

4.4.6. Denote by A the ring C [q, q~^]. I define the elements hi in Uq{g) to be 

ki ki 



hi :-- 



qi - qi 



^1 ■ 



Define the ^-subalgebra ^(4(0) of Uq{g), to be the subalgebra generated over A by the 
elements in {ki^^ ,ei, fi,hi \ i G The generators {ei,fi,ki^^ \ i G [1,t]} satisfy 

the relations in |4.4.1| , except that the relation between and fj is replaced by 



^ij hi , 



' fj fj ' 

and from the definition of hi there is the relation 

ili - (li^)hi = ki - ki~^. 

Then Wyi(g) is a Hopf subalgebra of Uq{g). The coproduct, antipode and counit maps 
act on hi as 



A(^j) = hi 1^ ki + ki 
S{hi) = -hi, 
e{hi) = 0. 



hi 



Notation. For e g C^, define := e*. Denote by [n]^ and 



numbers [n]^ and 



n 
m 



n 
m 



in C, the 



in C(g) with q replaced by e. 
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4.4.7. Let e G C^. Then I define the specialisation of W^(0) at g = e to be the 
C-algebra U^{g) := U_A{g)/{q - e). 

Proposition 4.4.8. (compare PCKQQ , 1.5]) LetUi{Q) he the specialisation ate = 1. 
The quotient algebra Ui{g) / {ki — l,k^ —l\iE is Hopf algebra isomorphic to 



the universal enveloping algebraU{g) of the Lie algebra g defined in 4.2.2 . 
Proof. The C-algebra isomorphism is given by 

hi ^ hi- 

From inspection of the Hopf algebra maps of Ui{g), it is clear that in the quotient 
algebra they reduce to the standard Hopf algebra maps of a universal enveloping algebra 



see 27m. □ 



4.5. Braid group automorphisms oi Uq{g) 
Notation. I define for each n G N the following elements in Uq{g) 



/Tl 



er:=r^ and fl 



I quote the following well-known result, that appears for instance in [DCKP92, 2.2] 
and |[Lus93| , 2.1.2] 



Theorem 4.5.1. Let B be the braid group and W the Weyl group of g. There is a 
unique map (p : W ^ B, such that : 1 i— > 1, : Sj t-^ Tj and (f){ww') = (p{w)(j){w') 
when l{ww') = l{w) + l{w') (w,w' eW). 



Corollary 4.5.2. Let Si^Si^ ■ ■ ■ Si^ and Si' Si' ■■■Sj/^ be two reduced expressions of 
w eW. Then Ti^Ti^ ■■■Ti^ = Ti'Ti'^ ■■■T^^ in B. Write T^ for (p{w) {w eW). The 
map (p : w ^ Tw is well defined, since it is independent of the form of the reduced 
expression of w. 



I introduce Lusztig's braid group automorphisms Tj oiUq{g) [|Lus88 



Lus90b| , 



Lus90c 



4.5. BRAID GROUP AUTOMORPHISMS OF Ugis) 45 

Theorem 4.5.3. Let B he the braid group associated to g. There is a representation 
of B onUq{Q) as a group of automorphisms : 



Ti : kj ^ kjk-''^^ (ij^j), 
Ti '. Ci ^ —kifi, 

n.=0 

Ti '. fi ^ > ki Cj, 

n=0 

Proof. The proof of the theorem is rather lengthy. It can be found in |Cus93]. □ 
Note that the automorphisms commute with the anti-automorphism a; 

Ti o uj = u o Ti. 
The action of the inverse elements is given by 

Tr^ = ^oTiO ip-^. 



Remark 4.5.4. [ pCK9q , 1.6] Note that TiCj = ad{-e[ "'^^)ej {i ^ j) and Tifj 
ujiTiCj). 



4.5.5. Let wq E W he the longest element of the Weyl group W. Fix a reduced 
expression Si-^Si^ ■ ■ ■ Si^ of Wq. Then the set 

is in bijective correspondence with the set of positive roots -R+ of q and fixes an ordering 
of R+. Define f3k ■= Si^Si^ ■ ■ ■ Si^_^ak. So R+ = {Pk\k & [1, A^]}. 

Proposition 4.5.6. Let (3 = w{ai) e R+, for some w e W and i e [l,r]. Then 
T^Ci e Wg(n+) and T^fi e Wg(n_). 



Proposition 4.5.7. |PCKP92| , 2.3] Letw eW such that w{ai) = (i ^ j). Then 

yjCi Cj . 
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4.6. A Basis of ^^(g) 
The following important result is due to Lusztig. 

Proposition 4.6.1. |[Lus90c| , §4] Let Sj^Sjj ■ ■ -Si^ be a reduced expression ofwo, the 
longest element ofW. Let {Pk \ k G [1,A^]} he the ordered set of positive roots defined 
above. Then the positive root vectors defined by 

eft := Tiji^ ■ ■ ■ Ti^^.Ci^ {k G [1, A^]) 

generate an ordered basis o/Wg(n+) as a vector space 

= Y: e-e- ■ ■ ■ ej- =: ^ C{q)E-. 

{mi,...,miv)eN^ meN^ 

The corresponding negative root vectors are defined by fp^^ := uj{ep^) and generate an 
ordered basis ofUqin-) 

W,(n_) = E /.T/r/.r ■ ■ ■ =■■ E C(g)F-. 

(mi,...,mjv)eN^ meN^ 

The positive and negative root vectors form a linearly independent basis of Wg(n+) 
and Uqixi-) respectively. This is proved |[Lus90b| , proposition 1.10] essentially by ob- 
serving that at the specialisation g = 1, the induced W(g)-basis is linearly independent. 

4.6.2. The set {ki,k^^ \ i G [l,r]} generates a basis of 

= E A^r^r ■ ■ ■ kr =: E C{q)K"^. 

So I have now a basis of Ug{g) = Wg(n^)Wg(f))Wg(n+) 

Ug{Q)= C{q)F"'-K"'''E'^+. 

Note that different reduced expressions of the longest element wq of W give inequivalent 
bases of Wq(n+) and Wq(n_). 

Remark 4.6.3. Let g be nonsimply-laced. Then the braid group action of B on 
Ua{q) is not strictly well-defined, since the elements e-"^ and //'^■' [i G [l,r] and n> 1) 
are not in Ujs,{q). (Lusztig avoids this problem by considering a different ^-subalgebra 
of Wg(g) which includes these elements as generators.) Another way to overcome this, 
is to extend the ring ^ to ^ by elements ^u}g~r, ^ {1; 2, 3} (or n G Z>o), i & [1; 

One should then 'localise' ^ at g = e (meaning remove from A the elements that 
have poles at g = e), so that one can consider the specialisation of ^^4(0) at g = e. I 
thank Jonathan Beck for explaining to me the idea of the localisation of a ring in an 
indeterminant. 



4.6. A BASIS OF C/,(g) 
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4.6.4. ^^(g) basis. The action of tlie braid group B on U^{g) defined by tlie maps 



in [4.5.3| witli qi replaced by is well-defined. For each reduced expression of Wo the 
action of B on Ue{g) gives an ordered basis of We(n+) (and We(n_)) over C as a vector 
space analogous to the basis of Wq(n+) (Wg(n_)) of [4.6.1| . The basis of We(f)) is given by 

(mi,m2,...,mr)&I/ m&^,m'i^W 
{m'^,m'^...,m'^)&r 

Finally there is the corresponding basis of U^{q) 

Observe that the above analysis is valid also at e = 1 and in the quotient Ui (g) / (fcj — 
1). In the latter algebra the braid action reduces to the classical braid group action 
of B on U{q) and allows the construction of a basis (a Poincare-Birkhoff-Witt basis), 
which in an obvious notation borrowed from above reads 

Of course in this case the bases obtained from the different reduced expressions of wq 
are all equivalent. 

4.6.5. Example, sl^ is the easiest example of a simple Lie algebra with a nontrivial 
root system. I briefly consider the construction of a basis of ^^(sls) using the techniques 
described above. The Cartan matrix (aij) = and r = 2. Let {ai,Q;2} be the 

simple roots of SI3. The Weyl group W is generated by {si,S2} and they satisfy the 
braid relations S1S2S1 = S2S1S2 and sf = 1 {i E {1,2}). W contains the elements 
{1,51,52,5152,-5251,51^251}. The lougest element of W is wo = 5i525i = 525i52. The 
positive roots are = {ai, ai + 0:2, 02} and = 3. 

Consider then the reduced expression 5i525i of wq. Then Pi = ai, P2 = + 0:2 
and /Ss = a2- Straightforward calculations then show that the root vectors of Uq{sls) 
corresponding to this reduced expression of Wq are 



e/3i 


= ei. 




e/32 


= Tie2 = 


-6162 + q ^6261 


e/33 


= TiT2ei 


= 62, 


//3i 




= /l. 


//32 


= 


= -/2/1 + g/1/2 


//33 


= ^(e/33) 


= /2. 



If I choose instead the other reduced expression 525i52. Then P[ = a2, P2 = 0^2 + «i 
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= tti and the root vectors obtained are 





= 62, 






= 7261 = 


-6261 + q ^6162, 




= TiT2ei 


= ei, 






= /2, 






= -/1/2 + g/2/1, 






= /i- 



Note that ejs^ and e^^ are not proportional, and fp^ and /^^ are not proportional to 
each other. So inequivalent bases are obtained from the two reduced different reduced 
expressions of wq. However at the specialisation q = I, ep^ = —e^'^ and ff^^ = —fp'^- 
The basis of lAq{s\.z) corresponding to the reduced expression S1S2S1 of wq reads 

4.7. Representations of Uq{Q) 

4.7.1. Let P be the weight lattice, Q the root lattice and (-,■): P x Q —> Z the 
bilinear form associated to the Cartan matrix ( defined in Let Hom(Q, Z2) 

be the group of homomorphisms of Q into the group {1,-1}. 

Lemma 4.7.2. Let a G Hom((5, ^2)- Then the following map is an automorphism of 

Ci a{ai)ei, 
ki t-> a{ai)ki, 
fi ^ fi- 

Definition 4.7.3. Fix a e Hom((5, Z2) and A e P. Then the Verma module M'^(A) 
over Uq{g) with highest weight A and twisting a is defined to be the (unique) C(g)- 
vector space generated by a vector vx such that 

l{q{n+) ■vx = 0, 

ki-vx = (T(ai)g(^'"')t;A, 
M''{X):=Uq{n.)-vx= E " ^a- 

The vector vx is called a highest weight vector of the module. 



4.7. REPRESENTATIONS OF Ugis) 
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4.7.4. Highest weight modules. I can construct the Verma module M'^(A) in the 
following way. Consider the left ideal of Ug^Q) 

r{X):= E ^Me^+ E W,(g)(fc,-a(«.)g(^'"')). 

ie[l,r] ie[l,r] 

Then the quotient Ug{g)/J°'{\) is isomorphic to M°"(A) as a Wq(g)-module. 

The Uq{Q)-modu\e M°"(A) is a highest weight module. Every quotient module of 
M'^(A) is a highest weight L{q{Q)-modvL\e with highest weight A. 

In particular there exists a unique maximum submodule M' of M'^(A). Therefore 
the quotient module L'^{\) := M°"(A)/M' is unique and irreducible. 

Let be a highest weight Wg(g)-module with highest weight A. Define the subspace 
ofVifiE P+) as 

V^:= {v eV \ki-v = 
Then V admits the following weight space decomposition (P+-gradation) 

V = ^V,. 



Definition 4.7.5. Let be a Wq(g)-module, with weight space decomposition. V 
is called integrable, if there exists a positive integer mo G Z>o, such that e"^ ■ v = 
and ■ V = for all m > tuq, i G [l,r] and f G V^. (In this case the action of the 
Chevalley generators of Ug{Q) on V is said to be locally nilpotent.) 



Integrable modules ||Lus88| ] of Wq(g) can be constructed as follows. 



Lemma 4.7.6. Let (mf), {nii ) e W and X e P. Define a left ideal h ofUq{g) by 

«e[l,r] ie[l,r] ie[l,r] 

Then the quotient Uq{Q)/I\ is an integrable Uq{Q) -module. 



Proof. See ||Lus93| , 3.5.3]. I sketch the proof. The idea is to show using the defining 



relations of Uq{Q) that for every x G Uq{Q), ffx = yff {y G Wg(g)) where N' > 
N — E N {cx E N depending only x). Then for > + 1 + and x G h{q{Q)/Ix, 
f^x = 0. There is a corresponding result with /j replaced by Cj. This proves the 
lemma. □ 

4.7.7. Trivial module. As usual the counit map e : Uq{Q) —>■ C(g) gives a trivial 
(one dimensional) representation of Wg(g) on C(g). (The representation is integrable.) 

4.7.8. Tensor product module. Let Vi and V2 be two Wg(0)-modules. Then the 
coproduct map A : Uq{g) — > Wg(g) ®Uq{Q) induces a Wq(g)-module structure on Vi (S> V2. 
It can be shown ||Lus93| , 3.5.2] that the tensor product of two integrable Wg(g)-modules 
is integrable. 
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4.7.9. Dual module. Let V he a (left) Wq(0)-module and let V* be the C(g)-vector 
space dual to V, under a pairing (-, ■) : V* x V C(g). Then the antipode map S 
induces a dual (left) Wg(g)-module 

{x-v\v) := {v*,S{x)-v) {xeUq{g),ve V,v* G V*). 

The dual module to an integrable module is integrable. 

4.7.10. Right module. Let vr : V(q{Q) End(V^) be a left representation, so that 
7T{xy)v = 7i{x)7i{y)v {x,y E l^q{&), v E V). Then the composition of the anti- 
automorphism u of Ug{g) with vr gives a right representation vr'^ := n o u of Uq{g), 
so that n'^{xy)v = n'^ {y)TT'^ {x)v {x,y E Uq^Q), v E V). Conversely if n' is a right 
representation then vr' o is a left representation. If vr is an integrable representation, 
then TT o cij is an integrable representation. 

4.7.11. The Verma module M^(A) over W^(g) and the Verma module Mf (A) over 
Ue{g) are defined like M'^(A) in an obvious way. 

4.8. We(g) at Roots of unity 

In this section I consider the specialisation of W^(s) at g = e, a primitive root of 
unity. First 1 present some identities, which will be required shortly. 

Lemma 4.8.1. [ |J im85| , §3] Let m E Z>o and i,j E [l,r]. The following identities 
hold in Uqi^o) 

Qi - Qi 



h.n^-'^ — k^^n^ 



Qj - Qj 

Proof. The first identity is proved by induction on m. The second then follows by 
applying the anti-automorphism u. □ 



Lemma 4.8.2. [ pCK90| , 1.10] Define the following elements inUq{n+): 

Cij . TjCi if <^ 0, 

^j^i^j if ^ij 2 

TjTiTjCi if Qyij 3, 

^iiij • ^j^i^j^i^j if ^ij 3. 

Let m > —ttij. Then the following identity holds in Wg(n+) 



{-aij-p)m+p i iqi' ^ „^-p 
P=0 1^-P]q^ 



ere, -E% irn-pU'''^''' 

p times 



A similar identity in the generators fi is obtained in Uq{n^) by applying the anti- 
automorphism LU to the above identity. 



4.8. U,{q) at roots of UNITY 
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Proof. The lemma follows from direct calculations that can be found in [ LusQOc , 
§5]. □ 

4.8.3. Fix a positive odd integer i G Z>o, such that i > di (Wi G [1, r]). Let e be a 
primitive (odd) £-th root of unity. 

Proposition 4.8.4. [pCK90| , 3.1] Let {ep.fp \ (3 e R+} be the basis of the positive 
and negative root vectors ofUe{g), introduced in |4.6.1| . In at the odd root of unity 

e the following relations hold for all a, [3 E i G [1, r]: 

(1) 
(2) 
(3) 

Proof. The relations in (1) for follow immediately from the corresponding defin- 
ing relations of Wg(g). Consider now (2) and (3). First let a = ai and (3 = aj. In this 
case the relations in (2) follow from lemma [4.8. 1| and those in (3) from lemma [4.8.2| . But 



k^ep 


= (^pkl 


Kfp 


= fpkl 


eiff^ 


= fpei, 




= epfL 




= ei3ei, 


fifl3 





then since {caj \ j G [1,t]} generates Wq(n+) and {fa^ \ j G generates Wg(n_), 

it follows that (2) and (3) are true for all ttj G 11 and all /3 G R+. Next I apply a braid 
group automorphism {w G W) to the relations in (2) and (3) when a = and 
/5 G R+ and this proves that the relations are in fact true for all a = w^ai) {Ww G W) 
and P G R+. Therefore the relations hold for all a,P G R+ and the proposition is 
proved. □ 

Notation. Let denote the centre of ^^(g). 

Corollary 4.8.5. At the root of unity e, the following elements lie in the centre 
ofKig): 

Ck^Ji (VaGi?+,^G[l,r]). 

4.8.6. Diagonal modules. Consider now a Verma module M^{X) over V(q{Q) at 
the root of unity e, generated by vx- Let a G R+. Note that the vector ■ vx is 
singular (primitive) in M^{X): 

K{n+)-fi-vx = (VaGi?+), 

since f^EZ^. Therefore each vector ■ f a (« G R+) generates a We(g)-submodule of 
Mf(A). Define 

m:(a):=m:(a)/(E uM-fi-vx). 

In |PCK90| , 3.2] the W,(g)-module Mf (A) is called diagonal. 

Proposition 4.8.7. Let := Z/iZ. The Ue{Q) -module Mf (A) is finite dimen- 
sional. It has the following basis over C 

M-(A) = 'CF'^vx. 
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Remark 4.8.8. Like the Verma module M"{X), the diagonal module M^{X) can of 
course be constructed as a quotient by a left ideal of U^{q) in a similar way to |4.7.4 

4.8.9. The centre. Let Xa := e^, := fi (a G R+) and zf^ := kf^ {i e [l,r]). 
Define Zq (^o") to be the central subalgebra of We(n_|_) (We(n_)) generated by {xa \ ol G 
(respectively {?/q, | a G Define to be the subalgebra of We(f)) generated 

by {zf^ I i E Let be the subalgebra of Z^ generated by the subalgebras Zq, 

Zq and Zq. Note that Zq is a proper subalgebra of Z^, since Wg(g) has one or more 
g-analogue Casimir elements, that generate Z^ when e is not a root of unity. 

Lemma 4.8.10. The algebra U^{q) is finite dimensional over Zq 

forms a basis ofUei^Q) over Zq as a free module. So dimzol^eid) = 

Notation. Let a g R+, such that a = Z]ie[i.r] Define ka ■= Djeii.r] ^f'- 

4.8.11. Triangular modules. Let A G P and let z/ be an algebra homomorphism 
p : Zq C. Then define the triangular module Mf (A, z/) over Ue{Q) to be the quotient 
of by the left ideal generated by {e,, kf^ — a{ai)q^^^'"'\ ya — i^{ya) M ^ [1, r] , a G 

Denote by v\ the image of 1 in Mf (A, z/). The elements F"^ ■ v\ (m G Z") form 
a (finite dimensional) basis of Mf (A, z/). 

Let a G R+. When z/(?/q,) = 0, I say that fa acts nilpotently in Mf(A, z/). In 
this case the We(sb)-submodule generated by {ca, fa,k^^} is called nilpotent. When 
^{.Ua) 7^ 0, 1 say that fa acts cyclically (periodically). In this case the We(s[2)-submodule 
corresponding to the root a is called semicyclic (semiperiodic), since fa acts cyclically 
but Ca acts nilpotently. 

A We(s[2)-module is called cyclic (periodic) when both its Chevalley generators e 
and / act in it cyclically. By definition there are no cyclic (5 12) -sub modules in a 
triangular module. 

Note that the triangular We(g)-module (A, u) contains the diagonal module (A) 
as a special case: in the case z/ = 0, then M'^{\, 0) = M^f (A). 

4.8.12. Central characters. Let (V, vr) be an irreducible (finite dimensional) rep- 
resentation of We(fl) (at the root of unity e). Then by Schur's lemma 

7r(x) ■ V = x''{x)v {x G Ze, V G V, x'^ix) G C). 

The map '■ -^^e 'C is called the central character of the representation vr. Note in 
particular that x^'i^t^) 7^ (^ ^ [l^''^])- 

If a We(0)-module is diagonal, then x '■ 0. For a triangular module the central 

character maps x '■ 0, but xiUa) 7^ (a G R+). In a completely cyclic (periodic) 

module xi^a) 7^ and xiVa) 7^ (a G R+). 

4.9. Ugish) 

In this section I consider as an example the case of s[2. 




4.9. C/g(s[2) 
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4.9.1. The Lie algebra sl2 has a 1 x 1 Cartan matrix (2) and only a single positive 
root a. The weight lattice is P = Z (P+ = N) and the root lattice Q = 2Z (Q+ = 2N). 
The Weyl group of si2 has only two elements: the identity and the reflection a —a. 
Therefore it is very simple to do calculations in s[2, since it is the smallest simple Lie 
algebra and it has a minimal root system [N = 1). 

The quantum group Uq{sl2) is generated over C{q) by {e,/, fc^^}, satisfying the 
relations 

k.e-k-^ = g^e, k ■ f ■ k'^ ^ q-^f, 

e.f-f.e= ^~^\ k-k-^ ^l^k-^ -k. 

q - q-^ 

The algebra has the following basis 

4.9.2. The simplest nontrivial representation oiUq{sl2) is the 2-dimensional vector 
representation (C(g)^,7r): 

^w-pj). ^«-(^°.). 

4.9.3. Spin-i representations. Let a e {1, —1} and j E P+ — N. Let the C{q)- 
vector space V'^{j) :— J2m=o Cvnu with basis {vq, . . . , Vj}. Define a representation of 
UM on by: 

k-Vm^ aq^'''^'^Vm, 
e-Vm^cr[j -m + l]^ Vm-i, 

and Vm '■= when m ^ [0, j]. 

Lemma 4.9.4. The Uq{5l2) -module is irreducible. 

Proof. The lemma is true since the coefficients of the e and / actions ([m + 1]^ and 
[ j — m + l]g) are nonzero for m € [0, j]: so there are no singular vectors in V^{j). □ 

For any irreducible n- dimensional representation V oi Uq{s[2)-, c can be chosen in 
{1, —1} such that V is equivalent to V'^{n — 1) as a Wy(sl2) -module. 

4.9.5. Verma module. Consider the Verma module M^{X) oiUq{sl2) generated by 
the highest weight vector with highest weight \ E P {k ■ v\ = aq^v\ and e ■ f a = 0). 
Then the vectors Vm ■= j^f"^ ■ v\ {m E Z>o) and vq :— v\ are a basis of M^(A). The 

generators act on M'^(A) as 

f ■Vm= [m+ l]^Vm+l, 

k-Vm = <Tq^'^"'Vm, 

e-Vm = <j[X-m + l] Vm-1- 
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Observe that if A > 0, then v' := Vji with j' = A + 1 is a primitive (singular) vector 
in M°"(A) (e ■ f ' = 0) and it is the first primitive vector in M'^(A) below v\. Therefore 
L'^(A) := M'^ [\) / {Uq{ai2) ■ v') is a finite f dimensional irreducible representation of 
Uq{sl2). In fact L'^{X) is equivalent to the Wg(s [2) -module described above. L{X) ~ 
i^qish)/ (e, f^~^^, k — aq^)L- (The notation denotes a left ideal in lAq{s{2)-) Clearly 
these irreducible finite dimensional representations are integrable Wg(s[2)-modules. 

4.9.6. Root of unity. Let e G C^. Define as before the ^-subalgebra W^(sl2) and 
its specialisation U^{5l2) at g = e. 

Fix a positive integer d G Z>o, such that £ > 2. Let e be a primitive £-th root of 
unity. Define 

if E is odd, 
if £ is even. 

Lemma 4.9.7. At the root of unity e, the following elements are in the centre of 

U,{5i2) 

4.9.8. Let X := z^^ := k^^' and y := /^'. They generate a subalgebra Zq of the 
centre Z^. 

4.9.9. Spin-| representations at a root of unity. Consider now the U^{5{2)- 
module V^{j) at the root of unity e. If j < then the module is irreducible. If j > 
then the module contains one or more singular vectors {vp \ p E {j + 1 mod £'} fl [0, j]} 
and is therefore reducible. Let x be the central character of the representation. Observe 
that x{^) = and xiv) = 0. 

4.9.10. Cyclic representations. Every irreducible ^'-dimensional Z//e(s[2)-niodule, 
at the root of unity e, is isomorphic [pCK9CI| , 4.2] for some {(, a, b) G x to the 
following representation V{(,a,b) with basis {vm | m G [0,^' — 1]} 

k-v^ = Ce-^^v^ (mG [0, £'-!]), 

f-v^ = Vm+i (m G [0,£' -2]), 

/ ■ ve'-i = bvo, 

e-Vm= ( 737^1 [-^l^ + "-^j ^ t-'-'^' ~ 

e ■ Vq = avi'^i- 
Note that the Zq character x is 

Xiz) = C', 

X{x) = a n , [i]e + , 



x{y) = b. 



e — c 
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In particular x(a;) = 0, if a = 0. Note that V{a€^'^^,0,0) is equivalent to V'^{i' — 1). 
In this case (a, b) — (0, 0) and the representation is called nilpotent. 

In the case (a, 6) G x {0} U {0} x C^, the representation V{C,a,b) is called 
semicyclic (semipcriodic). 

In the case when (a, 6) e x C^, the representation V{(,a,b) is called cyclic 
(periodic). 

The representation V{(, a, b) is fundamental, since it has minimal dimension I' . 

4.10. Wp,(0[2) 

4.10.1. Let Upq{Q\.2) be the associative unital C(p, g)-algebra with generators 
that satisfy the relations 





k-k- 


-1 


= 1 = 






I 


• r 


-1 


= 1 


= r 


k- 


e ■ k~ 


-1 


= pe, 




k- 




k- 


-1 


= p 


-V, 


I 


■e-l 


-1 


= qe, 




k- 




k- 


-1 


= Q~ 


-V, 


f- 


Q 


e 


_ k^- 
P- 








k- 


I 




A;. 



The algebra Upq{gl2) is a Hopf algebra. The coproduct is 

A{k) = k®k, 

A(/) = /®/, 

A(e) = e (g) A; + /"^ (g) e, 

A(/) = /®^ + ri®/. 

Then the corresponding antipode map is 

S{k) = k-\ 
S{1) = i-\ 

S{e) = -qk-^le, 
S{f) = -q-'k-Hf. 

The counit is given by 



e{k) = 1, e(/) = 1, 
e(e) = 0, e(/) = 0. 
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4.10.2. In the special case p = q, define Wq(g[2) := Upq{Qh)/{p — q), which is a 
1-parameter deformed quantum enveloping algebra of gl2- The two invertible genera- 
tors {k,l} in its Cartan subalgebra obey the same relations. Therefore the elements 
{kl~^, k~^l} are central in Uq{gl2)- 

Let Up{sl2) be the simply connected quantum group of sl2 in the sense of |pCKP92 



0.3]. Up{sl2) is a C(g)-algebra with generators {e, /, /^^} satisfying the relations 
l-e-l-'=qe, I . f . = q-^ f ^ 

/2 _ 1-2 

e-f-f-e = ^, l.l-^ = i = r^.L 

q-q 

Up (512) is a quotient algebra of Upq{Ql2): 

Up{5{2) ~ Upq{Q{2)l{p - q, - l^'). 



Part II 
g-oscillators 
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CHAPTER 5 
g-oscillators 



5.1. Introduction 

In this cliapter I discuss g-oscillator algebras (certain deformations of the quantum 
mechanical oscillator algebra) which were brought into the theory of quantum groups 
independently by Macfarlane, Hayashi and Biedenharn in 1989. The g-oscillator al- 
gebras that I discuss are not Hopf algebras. Nevertheless they have many intriguing 
properties reminiscent of the finite simple quantum group Uq{3l2) discussed in the last 
chapter. 

In analogy with the quantum mechanical oscillator there is a natural Fock module 
representation. Remarkably, for the g-oscillator that I consider, the Fock module is 
essentially unique: in particular the vacuum vector is fixed to have "particle number" 
zero. 

At a root of unity, the g-oscillator algebra has an enlarged centre and it is possible 
to construct finite dimensional irreducible representations — something which has no 
classical analogue: there exist cyclic, semicyclic [^G91|| and nilpotent representations. 

The infinite dimensional Fock module (at generic specialisation) and its irreducible 
quotient (at an even root of unity) are unitarisable. 

The quantum enveloping algebra Wg(s [2) was first bosonised with a pair of g-oscillators 
by Macfarlane and Biedenharn. At about the same time Hayashi gave a bosonisation 
of each quantum enveloping algebra corresponding to the Lie algebras of simple type A 
and C, and of affine type A^^^ (and also g-spinor realisations of simple Lie algebras of 
type A, B and D). The bosonisation oiUqi^Q) can be used to construct representations 
of Wg(g) on a tensor product of g-oscillator representations. 

I end this chapter with a short description of a 2-parameter deformation of the 
oscillator algebra, a quotient of which degenerates to the g-oscillator that I consider. 



5.2. Definitions 

I begin by recalling the definition of the quantum mechanical oscillator algebra. 



59 



60 



5. g-OSCILLATORS 



Definition 5.2.1. The oscillator algebra f)4 (Heisenberg-Weyl algebra) is a non- 
semisimple Lie algebra with generators {n, a_|_, a_, e} that satisfy the following relations: 

[n, a_(_] = a+, [n, a_] = — a_, 
[a_ , a+] = e, e is central. 

Since [)4 is a Lie algebra, its universal enveloping algebra W(f)4) is a Hopf algebra 
with the usual maps 

A(x) = x(g)l + l®x, 

e(x) = 0, (x G {a+, a_, n, e}). 

S'(x) = —X, 

For the unit element the Hopf maps are as usual: A(l) = 1 1, e(l) = 1 and S{1) = 1. 

5.2.2. Usually physicists work with the quotient algebra W(l)4) := W(f)4)/ (e — 1). 
In W(f)4) the Heisenberg relation is then [a_,a+] = 1. 

The definition of P)4 has been made in terms of the step-up and step-down operators, 
which appear also to be more important when the generalisation to the g-oscillator is 
made. 



Definition 5.2.3. (compare ||Mac89| , Pie89| , |Hay90| ) The q- oscillator algebra Ug{i)4) 



(g- Heisenberg-Weyl algebra) is the associative unital C(g)-algebra with generators 
{a^,a_,w,w~^} with the relations: 

w ■ w^'^ = 1 = w^'^ ■ w, 
w ■ ■ w^-^ = q a+, a_ ■ — q ■ = w~^, 

w ■ ■ w^'^ = q^^a^, a_ ■ a_|_ — q^^a^^^ ■ = w. 

5.2.4. There are two C-algebra anti-automorphisms Uc and Ur of Wg{i)i) given by 

uJc{w) := uJc{a+) := a_, ujc{a.) := a+, uJc{q) := g"\ 

Ur{w) := w, Ur{a^) := a_, co'r(a-) := a+, uJr{q) '■= q- 

There is a C-algebra automorphism ip oiU'qi^i) given by 

(p{w):=w~^, V9(a+) := a+, V9(a_) := a_, ip{q) ■= q~^ . 



Remark 5.2.5. The algebra Wg( 1)4) has two different g-Heisenberg algebra relations. 
It actually suffices to define deformations of the oscillator algebra with only one of 
these relations and this is done by many authors. But, as will be seen later in this 
chapter, both relations are needed in order to have an involutive anti-automorphism 
at a specialisation equal to a phase (necessary to construct a unitary representation 
of the g-oscillator algebra at q specialised to an even root of unity) and also for the 
existence of the bosonisation homomorphisms Uq^Q) Wg(P)4)®". 
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5.2.6. The two g-Heisenberg relations lead to the following relations in U'q{i)4): 

w — 

a+ • a_ — — 0, 

q-q 

qw — q~^w~^ 

a_ • a+ = 0, 

q-q-^ 

which can be compared to the the central element a+ • a_ — ri • e in U[i)4), which acts 
as zero on the standard vacuum representation. 

Prom this it follows that the g-oscillator algebra W^(f)4) has the following basis as a 
vector space over C(g) 

5.2.7. Let e e C^. Let U'j^{i)4) be the C [q, g~^]-subalgebra of W^([)4) generated by 
a_, a+, w"^^ and n :— 2{q-q-i) ■ Note that n is fixed by the anti-automorphisms ujc and 
cUr and has the commutation relations: 

n ■ a+ — a+ ■ n — ^a+(gw^ + q~^w~'^), 

a- ■ n — n ■ a- = '^{o.'^'^ + q~^w'~'^)a-. 

Note that the second relation can be obtained from the first by applying the anti- 
automorphism ojc (or ujr). Define the specialisation U'^{i)4) of U'_^{i)4) at g = e to be 

Proposition 5.2.8. The quotient algebra U[{^i) / {w - l,w~'^ - 1) is C-algebra iso- 
morphic to U'{i)4). 

Proof. Clearly in L([{\)i) / {w — — 1) the two g-Heisenberg-Weyl relations 

degenerate into the usual Heisenberg-Weyl relation of W([)4): [a_,a+] = 1. From 
the commutation relation between n and a±, it follows that in the quotient algebra 
[n, a+] ~ a+ and [a_, n] = a_. The proposition is proved. □ 



5.3. Other g-deformed oscillator algebras 

5.3.1. Clearly having two Heisenberg-Weyl relations is more restrictive than just 
one. Consider the deformed oscillator algebra A4 with generators A^, W^^} that 
satisfy the following relations: 

w ■ w-^ = 1 = w-^ ■ w, 

W-A+- W-^ = qA+, A^-A+- q^A+ • A_ = 1, 

W ■ A_-W-^ ^q-^A_. 



Note that A4 has only one g-Heisenberg-Weyl type relation. 
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Lemma 5.3.2. Let n G Z. The algebra is C[q,q~^]-algebra isomorphic to the 
algebra with the generators {A'_^, A'_,W'^^} and the relations 

W' ■ W'~^ = 1 = W'^ ■ W, 
W ■ A'^ ■ W'-' = qA'_,, A'_ ■ A'^ - q^-'^A'^ ■ A'_ = H^'"", 

W ■A'_-W''^ =q~^A_. 
Proof. The isomorphism is given by the following map 

W^W, A_^W""A_, A+^A^. 

□ 

5.3.3. Celeghini, Giachetti, Sorace and Tarlini ||CGST91|] introduced a C(g)-algebra 
Uq{i)4) with generators 6_, m, c, c~^} that satisfy 

c is central, b_ ■ b, - b+ ■ b_ = - ~ 



c.c-i = l = c-^-c 1-1 ^ 

' [m, b±] = ±b±. 



The algebra is a Hopf algebra: 



A(6+) 


= 6+ O 1 + c(g) 6+, 


5(6+) 


= -c-'b 




= 6_ (g) c"^ + 1 (g) 6_, 


S{b_) 


= —cb^, 


A(c) 


= c c, 


Sic) 


= c-\ 


A(m) 


= m®l + l®m, 


S{m) 


= —m, 


<K) 


= 0, 




= 0, 


e(c) 


= 1, 


e(m) 


= 0. 



This algebra has a nontrivial Hopf algebra structure and it is known [ |GS91|| to be 
related to link invariants. 

Lemma 5.3.4. LeiWyi(f)4) be the C[q,q^^]-subalgebra oflAq{\)4) generated by 

6_, m, c=^, e := - — ^} 
1-1 

(so that = e). Let e G and define U^{\)4) := l^A{^i)/{l ~ The following 

map is a C-algebra isomorphism Ue{l) 4) / {c^^ — 1) — s>W(l)4) 

b+ I— *• a+, 6_ a_, 
m n, e ^— e. 

From the lemma it can be deduced that the basic representations of We(f)4) are 
equivalent {even at e a root of unity) to those of ^([34). Therefore I will not discuss 
this algebra further in this chapter. 
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5.3.5. Schwenk and Wess have studied |[SW92|| another interesting deformation of 
the Heisenberg-Weyl algebra [ [Man91|| with generators {x,p} and relation 

p ■ X — q X ■ p = —i. 

Remark 5.3.6. When considering the Hopf algebra structure of f)4 (Wg(f)4)), the 
generator e (c) plays an important role. The quotient algebra W(f)4) cannot enjoy a 
Hopf algebra structure because of the relation e = 1 (see for instance ||lr'al93|| ): 

A(e) = e (g) 1 + 1 (g) e = 2(1 (g) 1) 
^A{1) = 101. 

It follows that Wq(f)4) does not have a canonical coproduct (with a well defined classical 
limit) . 

5.4. A Fock Representation of W^(P)4) 
Lemma 5.4.1. Let n G Z>o. The follow identities hold in Wg(f)4).' 

ala+ = q^^a+al + [n]^al-^w^\ 
5.4.2. Let F be a C(g)-vector space with basis {un | n G N} 

F := ^ C{q)un. 

neN 

The following action of WJi)4:) on F, makes F a W'(f)4)-module 



a+ 






w 




:= g"M„, 


a_ 


Un 





For n G Z<o, I set u„ = 0. 

The vector uq is a vacuum vector (lowest weight vector) 

a_ • Mo = 0, 

W ■Uq = Uq, 

F = W;(l)4)-Mo. 

Note that the weight (w-eigenvalue) of uq is essentially fixed (up to a factor of —1) by 
the two g-Heisenberg-Weyl relations. 

Remark 5.4.3. Consider for a moment the construction of a Fock module F over 
the deformed oscillator algebra ^4 defined in [5.3. 1| . The weight of the vacuum vector 
Vq of F is not fixed by the single g-Heisenberg-Weyl relation. In fact there are many 
different vacuum states that can be defined: w ■ Vq = q"'°VQ (jiq G Z). 

Proposition 5.4.4. The U'q{\)i) -module F is irreducible. 

Proof. There is not a (singular) vector u' in F, such that ■ u' = 0, except 

U' = Uq. □ 
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5.5. The Centre of Wg([)4) at a root of unity 

Let £ be a positive integer, such that £ > 2. Fix e to be a primitive i-th root of unity 
(then = 1). 

Notation. Define i' to be 

if i is odd, 
I if £ is even. 

Proposition 5.5.1. At the root of unity e the following elements lie in the centre 

ofm^) 

r £ £ £ -£i 

{a\,a_,w ,w }. 

Proof. The proof of the proposition is straightforward using the defining relations 
of Wg(f)4) and lemma |5.4.1| . □ 



At the root of unity e the algebra W^'({)4) is finite dimensional (finitely generated as 
a free module) over its centre. 

5.6. The Fock module at a root of unity 

Let F4 be the ZY^([)4)-submodule of F over C [q, q^^]. Define the specialisation of 
the W^(() 4) -module F4 at g = e, to be the W^'(()4)-submodule of F4 over C. 
I consider now the Fock module over W^'(f)4) at the root of unity e. 

Proposition 5.6.1. The U[{\) 4) -module F^ at the root of unity e is reducible and has 
a finite number of weight spaces. 

Proof. The elements in {uke' \ k G Z>o} are all singular vectors in F^, since 

a_ ■ Uke = [ki']^Uke'^i = 0. 

Therefore F^ is reducible. Consider now the action of w on F^ 

W ■Un = e'^Un- 

The possible weights of w are then {1, e, e^, . . . , e^~^}. So there are only £ weight spaces: 
= ©1={)F(„) (F(„) ■.= {veF,\wv = e^v]). □ 

5.6.2. Let G N. Denote by F^^, the submodule generated by the singular vector 
Uke- Note that Fq = F^. Denote by the irreducible quotient module F^/F^,. 

Lemma 5.6.3. Let m, n G N, such that m <n. 

(1) The quotient module F^^,/F^£, is irreducible if and only if n = m + 1. 

(2) The quotient module -^^^'/-^(m+i)^' ^■^ equivalent to L^. 

Proof. (P If ri > m + 1 then clearly the quotient module contains (the image of) 
the singular vector U(m+i)e', so it is reducible. On the other hand if n = m + 1 then 
a+ and a_ act transitively and the module is irreducible and has dimension i'. (^ is 

ki 

obvious since \m + ki']^ = (— 1)~ \m\. □ 



5.7. SEMICYCLIC REPRESENTATIONS 
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5.7. Semicyclic Representations 



5.7.1. Let (A, /i) G C X {0} U {0} x C. Let 14,/. := E1=o be a C-vector space. 
At the root of unity e, define the following W^'([)4)-module structure on Va^^^ 



Note that Vq^o is equivalent to the quotient FJ F^. 

Lemma 5.7.2 (odd case). Let i be odd. 

(1) Vx. 

^ is an irreducible U'^{^ 4) -module. 

(2) If{X,^) G X {0}U{0} X C^, then Vx,^ is a semicyclic (semiperiodic) U[{^/^)- 
module. 

(3) Vo,o is a nilpotent W^{i) 4) -module. 

Proof. (|1]) At an odd root of unity, Va,^ does not contain any W^'(f)4)-submodules. 
Therefore it is irreducible. (H) If A (respectively /i) is zero, then a+ (a_) acts nilpotently 
and a_ (a+) injectively. So the module is semicyclic: ■ f „ = Af„ and al ■ f „ = 
l]J.Vn (n G [0, £ - 1]). (H) From (A, fi) = (0, 0), it is clear that Vo,o is nilpotent. □ 

Lemma 5.7.3 (even case). Let £ be even. 

(1) a_ acts nilpotently in Va,/^. 

(2) Vo,o a reducible nilpotent U'^l) 4) -module. The irreducible quotient of Vo,o is 
equivalent as a U'^(\) 4) -module to L^. 

(3) Let (A,/i) G {0} X . Vq,^ ^s an reducible nilpotent W^^l) 4) -module. 

(4) Let (A,/i) G X {0}. Va,o an irreducible semicyclic W^{i) 4) -module. 

Proof. (|T]) For even i, [£']^ = and a„ acts nilpotently, annihilating the vector 
t>£/. (H) (A,yu) = (0,0), so Vo,o is nilpotent. Vo,o contains a submodule generated by 
Vi'. Hence it is reducible. (|^) a+ acts nilpotently since A = and a_ acts nilpotently 
by (|I]). Vo,^ is generated by i;o and contains a submodule generated by vg/. (|) follows 
since a+ acts cyclically, whereas a_ acts nilpotently by (|I]). □ 

Remark 5.7.4. It can be checked that the space of the parameters A and fi of the 
module Vx,^ cannot be extended to C x C, since an action of W^'(f)4) on V^^^^ with 
(A,yu) G X does not form a consistent (cyclic) representation. 
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5.8. Cyclic Representations 

Proposition 5.8.1. Let i be even. There does not exist an i (or i') dimensional 
(minimal) cyclic (periodic) representation ofhC^^i)^). 

Proof. There is no i"-dimensional cyclic representation, since and are not 
central in W^'(f)4). In fact from |5.4.1j it is clear that a£ anti-commutes with a^:, w 
and w~^. So it is not possible to have a cyclic representation in this case. There 
is no ^-dimensional cyclic representation, since by ^.7.3| ([T|) the action of a_ would be 
nilpotent. □ 



Proposition 5.8.2. Let (A,/i,C) G C x C x C^. Consider the left quotient 

M,,^,^ := U'M/{ai - A, ai - fi,w - Ol- 

It is a U'^{\)4) -module of dimension It — 1. Let v denote the image of 1 in Ma,^,^. For 
odd I and (A, /i) G x C^, it is an irreducible cyclic (periodic) W^{i) 4) -module. Fori 
even, if ( ^ {1, —1} then M^,^,^ is an irreducible cyclic W^{1) 4) -module, 

Proof. The dimension of the module follows from p.2.6| . For odd i, the module 
is cychc and irreducible, since by [5.4. 1| a+ and a_. act injectively. For even i, a+ and 
a_ also act injectively, unless ( G {1, —1} in which case the module is nilpotent and 
contains a submodule generated by a^_^v. □ 

Remark 5.8.3. Most of the statements that have been made on the centre and 
representations of W^'(l)4) at the root of unity e are also true for the algebra A4 at the 
root of unity e: the elements A^_, W''', W~^} are central, there exists a similar set 
of representations and so on (see also the following chapter on this point). 

5.9. Unitary Representations 

5.9.1. Let F be the C(g)-Fock module of W^(f)4) defined in Let u be one of the 
involutive (cj^ = id) C(g)-algebra anti-automorphisms of Wg(P)4) defined in p.2.4| and 
require that uj{a) := a* {a G C). Define on F a scalar product (■, ■) : Wq(f)4) xW^(f)4) — *• 
C(g), contravariant with respect to u, such that 

{Um,Un) := 5m,n[m\g\ (m,raGN), 

(x ■ v,w) = (f , u{x) ■ w) (x G Wq([)4); v,w E F). 

Denote also by (-, ■) the corresponding induced scalar products on F4 and F^. 

Lemma 5.9.2. The triple {F, {■,■), uj) is a -representation ofWg{i)4). 

Proposition 5.9.3. LetUr be the anti- automorphism ofW^{i)4) defined m |5.2.4| (with 
LJr{a) := a* (a G C)). If e G M>o, then the -k -representation (F^, (■,■), u;,.) oflA'^{\)4) is 
unitary. 

Proof. When e is real and positive, then [n]^ G M>o (for all n G Z>o)- Therefore in 
this case the scalar product is positive definite and the ^ir-representation is unitary. □ 



5.10. BOSONISATION OF C/g(s[„) 
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Lemma 5.9.4. Let e G be such that |e| = 1. Then the triple {F^, {■,■), uJc) is a 
-^-representation ofU'^{\:)4). 

Proposition 5.9.5. Let i be an even positive integer (£ > 4:). Let £' := | and let e 
be a primitive i-th root of unity. Consider the irreducible quotient U'^{i) 4) -module at 
the root of unity e, defined in ^.6.2| and denote again by (■, ■) : x — > C the induced 



scalar product on L^. The -k-representation (L^, (-, ■),a;c) is a unitary representation of 

Proof. The scalar product on gives {um,Um) = [rnlj- Since [m]^ = -—^j^, 

[m]^ > for m G [!,£' — 1]. Therefore [m\J > (m G [!,£' — 1]) and the scalar 
product on is positive definite. □ 



Remark 5.9.6. There does not exist a unitary representation at an odd root of unity, 

' +1 
2 



because [m]^ < for m G i — I , so the scalar product is not positive definite 



5.10. Bosonisation of Wg(s[„) 



The simple quantum groups corresponding to Cartan matrices of type An and C„ can 
been bosonised Pay9CI|| with Ug{i)i). Here I present only the bosonisation of Wq(s[ji). 



Notation. For x,y e KMi), define 



x0y:=l(g)---(g)l(g)x(g)y(g)l---le W'(f)4) 



(gin 



i— 1 times 



Theorem 5.10.1. [ [Hay90| , 3.2] The following map Wg(sl„) W'({)4)®" is an C{q) 



algebra homomorphism 

i 

i 

fi^ a+® a_, 

—1 * 
ki i-^w ® w. 

Proof. The homomorphism is easily verified on the relations kiCjk'^ = q'^^^Cj and 
kifj^i^ = q"""'^ fj- Similarly the map is checked on the relation [cj, fj] = 6ij ^li using 



the relations in 5.2.6| . The Serre relations require a little more work. □ 



5.10.2. Using the theorem, an infinite dimension (unitary) representation ofUq{sin) 
can be constructed on F"^". At the root of unity e, a finite dimensional (unitary) repre- 
sentation of ^^(sln) can be constructed on Lf" and semicychc (cyclic) representations 
of Uf:{sln) can be constructed on V^®^ {Mf '^ respectively). Interestingly a mixture of 
different representations can also be taken. 
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5.11. 2-parameter deformed pg-oscillator 

Consider the associative unital C(p, g)-algcbra V(pg{i)4) with generators 

that satisfy the relations 



w ■ w 



~^ — 1 — w ^ ■ w, x-x^ — 1 — 



w ■ a+ • w^^ — pa+, w ■ a- • w"^ — p~^a-, 

X ■ a+ ■ = qa^, x • a_ • x"^ — q~^a^, 

a_ • 0+ — pa+ ■ a_ = x""^, a_ • a+ — q~^a+ ■ a- — w. 

It is a two parameter deformation of W(f)4). 

Lemma 5.11.1. The following map Upg{i)4) — >■ Wpg(f)4) is an anti- automorphism 

a+ I— > a_, a_ i— > a+, i— > 
x^w~^, P^fT^-i q^p~^. 
5.11.2. The quotient algebra Wp^(f)4) /{p — q,w — x) is isomorphic to Uq{\)i). 



CHAPTER 6 



A Quadratic 2-parameter deformation of 
the Oscillator Algebra 



6.1. Introduction 



In this cliapter I consider a new 2-parameter deformation |Pet93|| of the oscillator 
algebra W(f)4), with a natural g-Heisenberg-Weyl subalgebra. 

6.1.1. Quadratic deformations. In the theory of (classical) differential geome- 
try of a Lie group G, its Lie algebra g appears naturally as the set of left invariant 
vector fields C{G) on G with a commutator operation. There is an elegant the- 
ory of noncommutative differential geometry on a matrix quantum group fung(G) 
(see ||Wor89, 



iVlan89, WZ9(J|), from which it turns out that the quantum Lie alge- 



bra that arises from the set of invariant vector fields on funq(G), is not the quantum 
enveloping algebra Uq{g), but rather a quadratic Hopf algebra Cq{G). The quantum 
calculus of the simplest case, the compact quantum group funq(5't/2), was first studied 
by Woronowicz |[Wor87b|| and he found the quadratic quantum Lie algebra Cq{SU2)- 
(Sklyanin had already introduced a quadratic deformation of U{s[2) in ||Skl85|| : though 
it was not a Hopf algebra.) Later a deformation of W(sl2) similar to the one found by 



Woronowicz was uncovered ||Wit90|| in the context of vertex models. Fairlie ||Fai9CI|| and 
Curtright and Zachos ||CZ90|| generalised this algebra to a 2-parameter deformation 

6.1.2. An interesting problem is the study of twisted deformations of multidimen- 
sional oscillator algebras. Deformed multi-oscillators, covariant under the action of 
a quantum group, have been studied by Pusz and Woronowicz | |PW89| , pr'us89| | and 
Zumino | Zum91 ]. Twisted multiparameter deformed multi-oscillators have been stud- 
ied in ||FZ91| , [FN93|| . Another challenge is the construction of g-quantum mechanical 



systems FW92| , |CC9T |. 



6.1.3. I describe the contents of this chapter. Following an idea I got from the 
2-parameter quadratic deformation Wgr(sl2) of U{s{2) that I mentioned above, I intro- 
duce a 2-parameter deformation Uqr{i)4) of the oscillator algebra U{i)4) and its one 
parameter deformed Heisenberg-Weyl subalgebra ^^((33). It has a family of Fock mod- 
ules parametrised by the g-number operator eigenvalue of the vacuum vector and the 
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central charge of the central element. It is possible to unitarise these Fock modules 
over Uqr{l)4) when the parameters are speciahsed to positive real numbers. 

At an ^-th root of unity the specialisation U^(^{l)i) of Ugri^i) has an enlarged centre: 
the step-up and step-down operators to the £'-th power are in the centre of We^(f)4). 
There is a finite dimensional irreducible quotient of the Fock module, which may have 
some connection with paragrassmann algebras [[FIK92|| . There also exist semicyclic and 
cyclic modules. 

One of the important applications of g-oscillators, mentioned in the last chapter, 
is the bosonisation of other quadratic algebras and quantum groups. The g-oscillator 
discussed in the previous chapter was ideally suited for bosonising quantum enveloping 
algebras. The 1-parameter quadratic deformation of W(sl2) can be bosonised by the 
quadratic r-Heisenberg algebra Ur{i)3). It is also possible to bosonise the centreless q- 
Virasoro (g-Witt) algebra with an extension of Uriijs)- From this realisation at a root of 
unity, some finite dimensional representations of the g-Witt algebra can be constructed 
(compare [|NQ91|| ). Kassel has found ||Kas92|| a full g-analogue of the Virasoro algebra 
with central extension. 

In [ CGST90[| Wigner-Ionu contractions of quantum groups were first performed. The 
quantum group Uq{sl2) (defined in [4.9|) was contracted to Heisenberg and Euchdean 
quantum groups. A contraction of Uqr{sl2), at the speciahsation q = 1, leads to Ur{i)3)- 
Another contraction gives a 2-parameter quadratic deformed Euclidean algebra. 

The quadratic algebra Wf.(f) 3 ) is covariant under left and right coactions of funr2(5'L2). 



6.2. A Quadratic deformation of si2 

Notation. Define the g-commutator [X, Y]^ := qX - Y - q^^Y ■ X. 



Definition 6.2.1. [[Fai9(]| , PZ90|] Define Uqr{s[2) to be the associative unital algebra 
over C [g, g~^, r, r~^] with generators + , VT-, Wq] that satisfy the following relations 



w+ 

Wo. 



6.2.2. The algebra Uqr[z\2) is an example of what is called a quadratic algebra: it 
has defining relations that are quadratic in its generators. It seems that Uqr{sl2) is only 
a Hopf algebra for certain values of q and r: specifically when q = r"^ oi r = q^ (the 
latter corresponding to the quantum algebra of |[Wit90|| ). This agrees with results in the 
literature that the number of deformation parameters of a Hopf algebra deformation 
of U{q) (0 a simple Lie algebra of rank r) is bounded by r. 



6.3. Definition of Wgr(f)4) 



6.3. DEFINITION OF Uqr{i)4) 



71 



6.3.1. Denote by Ugr{i)4) the associative unital C[q,q ^,r,r ^]-algebra with gen- 
erators {v4_|_, A_, N, E} that satisfy the relations 

E is central, 

[A-,N]^ = A., 
[A.,A^l = E. 

It is easy to check that the quantum algebra Wgr(f) 4) is well defined by these relations. In 
particular it does not matter in which way a cubic monomial X 1X2X3 in the generators 
of the quantum algebra is re-ordered: the result should be the same answer either way. 
For example in Uqr{i)4) the re-orderings 

NA+A^ = r^NA_A+ - rEN 

= gV^A_A^A+ - qr'^A_A+ - rEN 
= r'^A_A+N - rEN 

and 

NA+A_ = q-'^A+NA_ + q-^A+A_ 
= A+A_N 
= r^A^A+N - rEN 

give the same expression. 

6.3.2. Let e, C G C^. Define the partial specialisation Uq(^{l)4) of Uqr{i)4,) at r = ( 
to be the C [g, g~^]-algebra ZYg^(f)4) ■.= Uqr{l)i)/{r — (). The full specialisation We^(()4) of 
Uqr{i)4) at (g, r) = (e, () is defined to be the C-algebra := Uqr{l)i)/ {q — e,r — (). 

Lemma 6.3.3. The specialisation Ui^i{i) 4) ofUqr{i)4) is isomorphic to the universal 
enveloping algebra U (1)4) defined in f).2.1\ . The quotient lAi^i{^ 4) / {E — 1) is isomorphic 
toU'{i)4)- 

6.3.4. The algebra Uqr{i)4) has a subalgebra Ur{i)3) generated by {A^, A_, E}. I 
call it the r-Heisenberg-Weyl subalgebra of the gr-oscillator algebra Uqr{i)4). Let ( G 
C^. I define the speciahsation W((P)3) of Ur{i)3) at r = C to be W^(l)3) := Ur{i)3) / {r — () . 
The specialisation at r = 1 is isomorphic to the subalgebra W(f)3) of W(f)4) generated 
by {a+,a_,e}. 

Lemma 6.3.5. Let W;(f)3) := W,.(f)3)/(^ - 1). Let A3 be the C[q,q-^]- algebra (the 
Heisenberg-Weyl subalgebra of A4 defined in f).'d.l\ ) with generators {c+,c_} and the 
relation 



q^c^ ■ c_ = 1. 



U^{i)3) is C-algebra isomorphic to A3. 
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Proof. The isomorphism is given by 

A_ I— >• gc_, I— >• c+, r H- >• g""^. 

□ 

6.3.6. There is an anti- automorphism lu of Uqr{i)4:) given by 

= E, u{q) = u;(r) = r. 

The following maps and t are automorphisms of Uqr{^ij 

4>{N) = -N, = -A+, 0(A„) = -A_, 

<P{E) = E, 0(g) = q-\ 0(r) = r, 

i{N) = N, i{A+) = -A^, i{A.)=A^, 

l{E) = -E, i{q) = q, i{r) = r. 

6.3.7. Let m e N. The following identities hold in Uqr{i)4) 

[N,Ar]^^^[m]^Ar, 
[A_"^,N]^^^[m]^A_^, 
[A_,A+"^U = [mlE.A+^-\ 
The proof is by induction on m. 

6.4. Fock module Representations 

Notation. Let m e N. Define (m), := g"™ [m]^ = J^Zi Note that (0)^ = 

[0], = 0. 

6.4.1. Let F be an infinite dimensional module over C[q,q~^,r,r~^], with basis 
{un\ne N} 



F ^ C [q, q-' 



,r,r 



neN 



Let c, j e C. Then the following action of Uqr{i)4) on F makes F a W5r(^4)-niodule 

A+-Uk^ Uk+i, 

A^ -Uk^ c{k)rUk-l, 

N-Uk^ (q-^'^j + {k)q)uk, 
E -Uk^ cuk- 
Note that for the vacuum vector uq'- 

A_-uo = 0, 
N ■uo = juo, 

l^qri^A) ■Uo = F. 

Write Fj^c for F, when it is necessary to emphasise the dependence on j, c. 
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Lemma 6.4.2. If c & then the Fock module F is irreducible. 

Proof. If c is nonzero, then for each v & F there exists n G N such that A^-v = ayUQ 
{a^ e C^). Since Mq generates F, any other vector in F, can then be reached from the 
vacuum vector by applying a suitable polynomial in A+. □ 

Remark 6.4.3. Let j,j',c,c' G C be such that j' ^ j and/or c' ^ c. The Fock 
module Fj c is inequivalent Fj/^c'- 

Remark 6.4.4. A new representation, can be obtained from F by twisting by the 
automorphism l. It is inequivalent to F as a Ugr{l)i)-Taodu\e. 

6.4.5. Since Ur{i)3) is a subalgebra of Uqr{i)4), many of the results on Uqr{l)4:) that 
I mention in this chapter lead to corresponding results for the subalgebra Ur{i)3). For 
example the restriction to Ur{i)3) of the (P)4)-action on F, gives immediately a Ur{l)3) 
Fock module. To avoid repetition I will generally only write down the corresponding 
results for Wr(f)3) if they differ from those of Ugr{l)i), otherwise they will be taken as 
understood. 

6.4.6. In the quotient algebra Wgr(f)4)/ {q — f) there exists a quadratic central ele- 
ment 

A_- E ■ N. 

It coincides in form with the quadratic central element of f)4 (mentioned in ^.2.6|) . 

6.5. The centre at roots of unity 

6.5.1. Let £ be a positive integer such that £ > 2. Let e = C be a primitive £-th 
root of unity. As usual define as 

if £ is odd, 
if I is even. 

Lemma 6.5.2. The following elements are central in ^^^(1)4) (Ui^{\)3)) at the root of 
unity e = ( 

{A'A% 



Proof. The result follows directly from the relations in |6.3.7| . □ 



W(^(P)3) is finite dimensional over its centre, but We^(f)4) is not since N does not 
generate a central element. 

6.6. Fock module at roots of unity 

6.6.1. Let Fc_ denote the Fock module over lAqc_{^i) obtained by partial specialisa- 
tion of the lAqr{\)4) Fock module F at r = ^. 

Lemma 6.6.2. Consider the Uq(^{[)i) Fock module F^ at the root of unity (. The 
vectors {ukt \ k G Z>o} are singular in F^. The module F^ is reducible. 
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6.6.3. Let k G Z>o- Denote by Fl^, the Wq^([)4)-submodule generated by the sin- 
gular vector Uki'. 

Lemma 6.6.4. The quotient module Lq := Fi^/F^, is irreducible. 
Lemma 6.6.5. Let m, g N, such that m < n. 

(a) The quotient module F^f^,/F^^, is irreducible if and only if n = m + 1. 

(b) The quotient module -^^^'/-^(m+i)^' ^-^ equivalent to L^. 

Proof. The proof is almost entirely the same as for |5.6.3| . □ 

6.6.6. The irreducible quotient 1)4) -module is an example of a nilpotent 
representation of Wg^(l)4): and A_ act on it nilpotently. 

6.6.7. In the specialisation Ui^r{^i) of lAqr{\)i) at g = 1, the has real eigenvalues 
and so it has an interpretation as a standard quantum mechanical number operator 
(rather than a g-number operator). 

The algebra Ui^q and with its representation could be interpreted abstractly as a 
C-parafermionic ((^-paragrassmann) oscillator. 



6.7.1. Let (A, /x) G C X {0} U C X {0}. Let Va,/. := Ef=o Cw„ be a C-vector space. 
At the root of unity e = C, define the following We^(f) 4) -module structure on V\^^ 



Note that Vo,o (A = and yU = 0) is equivalent to the quotient module L^q. 
Proposition 6.7.2. TheUe(^{^A)-module Va,^ is irreducible. 

Notation. Let k e Z>o. Define {k)r\ := nme[i,fc]("^)r and (0)^! := 1. 

Proposition 6.7.3 (semicyclic). // (A,/x) g x {0} U {0} x then Vx,fj, is a 
semicyclic (semi-periodic) W^{i) 4) -module. 

Proof. The module is semicyclic, since ■ f„ = Af„, ■ f„ = ^c^'~^{£' — l)f!fn 
{n G [0,i' — 1]): so only one of and A^ acts cyclicly. □ 

Remark 6.7.4. In the module Vi,o the restriction of the We^({)4)-action to the gener- 
ator A+ gives a representation of the cyclic group Zii. Hence the action of A+ is called 
cyclic. 



6.7. Semicyclic and Cyclic representations 




\c{n)^Vn^i ifnG[l,f-l] 
I jjivp^i if n = 0, 



N-v, 



•n 




6.8. UNITARY REPRESENTATIONS 75 

6.7.5. Cyclic. Let (A,/i) G C x C. Consider the following quotient of We^(f)4) by a 
left ideal: 

M,,^,, := W.c(l)4)/(< - A, A'L ~fi,N- 

on which We^(f)4) acts naturally on the left, giving a left We^(f)4)-module. Mx^^j has the 
decomposition 

n±e[0/'-l] 

Mx,fj.,j is an irreducible £''^ dimensional cyclic We^(f) 4) -module. If (A,/i) G (0,0), then 
Mx^^j is nilpotent. If (A,/i) G (C' x {0}) U ({0} x C''), then Ma,^j is semicyclic. If 
(A,/.*) G C X then Ma,^j is cyclic. 

6.8. Unitary representations 

In this section I describe a (complex) unitary representation oiL{qr{i)4). 

6.8.1. Define the sesquilinear scalar product (■, ■) on the Uqr{i)4) Fock module F, 
to be contravariant with respect to the involutive Uqr{i)4) anti-automorphism u defined 
in lO:^! (with uj{a) := a* {a G C)) 



{uk,ui) ■.= 6k,i{k)r\ (kJeN), 

(X ■ Uk, Ul) = {Uk, Uj{x) ■ Ul) {X G Uqri^i)). 

Lemma 6.8.2. The triple (F, (-,■), tu) is a -k -representation ofUqr{\)i). 

Proposition 6.8.3. Let e G and ( G M>o- Denote again by (-,■) the speciali- 
sation of the scalar product (-, ■) on F to F^^^. The triple (Fe,^, (■, is a unitary 
representation ofU^(^{i)i). 

Proof. If C ^ I^>0) then [m]^ is also real and positive. Therefore in this case the 
scalar product on is positive definite. The condition on e ensures that {N -v, N -v) > 

{ve F). □ 

Remark 6.8.4. It appears that there is no anti-automorphism of Wg,.(f)4) compatible 
with specialising q and r to a phase. So it is not possible to construct a unitary 
representation of ^^((^4) ^ ^^ot of unity (c.f. |5.9.5| ). 



6.9. Bosonisations of some quantum algebras with ^3(^)3) 

In this section I construct g-bosonisation homomorphisms of some well known finite 
and infinite dimensional quadratic quantum algebras into the algebra W^(()3), defined 

by 

(In other words I construct realisations of these algebras in terms of the generators of 
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6.9.1. Let a G C. The following map 

U'„{^^) := UM/{q -r,E-l)^ U'M 
is a C [r, r^^]-algebra liomomorpliism 

N ^ ■ A_ + A_ ■ + a). 

6.9.2. Let Uqr{sl2) denote the quantum algebra introduced in |6.2| and consider it 
here C(g, r)-algebra. The following map 

is a C(r)-algebra homomorphism 

W, ^ {[21, [2ir' {r'A^ ■ A+ + r'^A^ ■ A_), 
^ ± {i[2U^2iy' A^ . A^. 

6.9.3. The subset {A_,A+'' | /c e N} of ^^(fjs) generates a subalgebra of ^^(fjs) 



with the relation 



= [/cj^A^'^ ^. This subalgebra has a natural interpreta- 
tion as the algebra of polynomials in one variable with a g-derivation {A_). From 
this point of view W^(f)3) is the algebra of polynomials in a variable and a g-differential 
operator. 

6.9.4. Contractions. Let G M. Consider the following elements of the quantum 
algebra Wi_r-i(s[2) (defined in |6^ ) 

Xo := v'Wo, 

X± ■.= 7]W±. 

They satisfy the relations 

[X,,X+]=rfX+, 
[X+,X_],=Xo. 

In the limit ^ 0, the subalgebra generated by {Xo,X+,X_} (a contraction of 
Wi ,,-i(5[2)) is isomorphic to Wr.({)3). The isomorphism is given by 

Xo^E, X+h^A_, X_^A+. 

A different contraction of Wg ,.-i(sb) is also possible. Let r/ G M^. Consider the 
following elements in ^5 ^-1(3^2) 
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They satisfy the relations 

[Y^,Y^l = vYo. 

In the limit as 77 — > 0, the contracted algebra generated by {Yq,Y-^,Y^} becomes a 
quadratic 2-parameter deformation of the Euclidean algebra. 

6.9.5. r-Witt algebra. The r-Witt algebra Ur{Vo) (deformed centreless Virasoro 
algebra) is defined to be the C [r, r~^]-algebra with generators {Lm | m G Z} that 
satisfy the relations 

and certain complicated associativity relations (compare [[PolQl D, which I will not write 



down here. (I thank Cosmas Zachos for bringing these to my attention.) Wr(Vo) is a 
deformation of the algebra of vector fields on the circle. 

I define an extension ^^(fls) of W^(f)3) by adjoining an (formal) generator Az^ with 
the relations 

Aj^ ■ Aj^ = 1 = ■ ^_|_^, 



A-J ■ A-^ 



The following map Wj.(Vo) — > ^r(f)3) is a C [r, r~^]-algebra homomorphism 

L^^ -{A+f+''' ■ A_ (mGZ). 

Note that the associativity relations are automatically satisfied, since Uj.{^"^) is asso- 
ciative. 

Remark 6.9.6. It is also possible to construct a centreless g-deformed W^o alge- 
bra [ |(JKL9U|| (with generators W^'^'^^ := ■ A_^ , k G Z>o). This was done 
in 



GF91|| using a g-Heisenberg algebra. 
6.9.7. Note the following identity in Wr(fl3) 

= [m]^ A 



A-'^^A, 



M 2m- 1 



Hence it follows that at the root of unity ^+^' lies in the centre of W^(()3). 
The following map ^ : W^(Vo) ^ Wc(t)3)/(A^+ - 1, -1,N)l 

¥P(L^) = -(A+)1+™.A^ (mGZ). 

gives a finite representation of W<j(Vo) with a cyclic property: ip{Lm+M') = V^(-^m) for 
all m,k & "Z. 

Similarly the map -i? : W(^(Vo) U,^{iy^)/ {A^^ ) given by 

^L^) := ~{A+Y+^ ■ A^ (mGZ). 
gives a finite dimensional representation '(9(W(^(Vo)) with a nilpotent property. 
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6.10. A Symmetry of W^(t)3) 

Let T ^ be a matrix, whose entries generate a quadratic C [r, r~-'^]-bialgebra 

21, with relations that will be given presently and coproduct A(T) := T(8)T. 

Proposition 6.10.1. Consider the left coaction Al : Uri^s) 2l(8)Wr({)3) o/2l on 

If the elements of T satisfy the following relations, then the left coaction Al is a 
C [r, r~^]-algebra homomorphism 

ac = r'^ca, ad — r'^cb = 1, 
bd — r^db, da — r~%c — 1. 

Proposition 6.10.2. The right coaction Ar : Ur{i)3) Uriijs) ®%ofTon Ur{\)z), 
given by: 

(a+ aS) ^ (A+ A_) ®T, E^ E^l 
is an algebra homomorphism, if the elements of T satisfy the relations 

ab — r^ba, ad — r%c — 1, 
cd — r^dc, da — r~'^cb = 1. 

Proposition 6.10.3. If V(r{i)3) is covariant with respect to both the left and right 
Ql-coactions Al and Af>, then the generators of 01 satisfy the relations of funr2{SL2) . 

Proof. Combining the relations from the two previous propositions forces the ad- 
ditional relation be — cb in 21. Then all the relations given coincide with those of 
iunj.2{SL2). □ 

6.10.4. By construction the maps A^, and Ar are compatible with the coproduct 
of 21: 

{Al (8) id) o = {id (g) A) o A^, 
(id ®Ar) o Aij = ( a (8) id) o Ar. 

and the two coactions cocommute 

(id ®Ar) oAl = {Al ® id) o Ar. 



CHAPTER 7 
Quantum affine algebras 



7.1. Introduction 



To every affine Cartan matrix of an affine (Kac-Moody) Lie algebra g, Drinfeld and 
Jimbo have associated a Hopf algebra the quantum affine (Kac-Moody) algebra 

or quantum group of Q. In this chapter I describe the quantum affine algebra Uq{g), 
when Q is an untwisted affine Kac-Moody algebra. 

In the classical theory of Kac-Moody algebras and their applications, a very im- 
portant role is played by their centrally extended loop algebra presentation. It has a 
number of advantages over the Chevalley presentation. In particular the loop algebra 
presentation q makes it manifest that the algebra is infinite dimensional and that it 
has a central element. In the case of quantum affine Kac-Moody algebras such a loop 



algebra presentation was given by Drinfeld |Pri88|| . This presentation has been exten- 
sively utilised in applications of quantum affine algebras and in their representation 
theory (see for example |PFJMN"93| , |CP91b|| ). Unfortunately Drinfeld did not give a 
proof that his loop algebra presentation is isomorphic to the usual Chevalley presen- 
tation. Another related problem is the construction of a basis of Uq{g) in terms of 
the underlying root system, like the one described for V(q{g) in [4.6| . This problem is 
much harder in the affine case because the root system and affine Weyl group of 
are both infinite dimensional: in particular there is no unique longest element of W 
that gives a natural basis of root vectors in Uq{g) as there is in the finite case and also 
because of the existence of imaginary root vectors. 

The isomorphism between the two presentations was proved recently by Beck ||Bec93 



and Khoroshkin and Tolstoy ||K'l'93b| | and their work | |KT93a| , |Bec94| ] also led to 
Poincare-Birkoff-Witt type bases of Uq{g). Beck's work in particular gave an extension 
of Lusztig's braid group action |[Lus90c| , [Lus93|| on Ug{Q) to the group of automorphisms 
B associated to the extended affine Weyl group of g. The action of B on the Chevalley 
generators, corresponding to the underlying Uq{g) subalgebra, generates all the real 
root vectors of Uq^Q). There is a subgroup V of 13 corresponding to the lattice of 
translations in the extended affine Weyl group of g. The imaginary root vectors on the 
other hand cannot be reached by the action B. The imaginary root vectors are fixed 
under the action of V. 

As in the classical case, Wg(g) has a Heisenberg subalgebra Uq{9)) generated by its 
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imaginary root vectors. Uq{S)) has a similar representation theory to the classical 
Heisenberg subalgebra. It has highest weight Fock modules which are irreducible. At 
a real positive specialisation the Fock modules are unitarisable. 

7.2. Preliminaries 

I start by recalling the definition of a quantum affine Kac-Moody algebra due to 
Jimbo ||Jim85|| and Drinfeld |pri87 . 



7.2.1. Let g be a simple Lie algebra of rank r with Cartan matrix (ajj)jjg[i^r]- 
Let {O'ij)i,j£[o,r] be the extended affine Cartan matrix of the (untwisted) Kac-Moody 
algebra g of g, in the sense of Kac ||Kac9CI|| , so that an = 2 and aij < for i j. Fix 



r + 1 positive coprime integers ((ij)jg[o,r], such that {dtaij) is a symmetric matrix. The 
Cartan matrix (ajj)jjg[o,r] of g has rank r: det((ajj)jjg[o,r]) = 0. 

Definition 7.2.2. The quantum affine (Kac-Moody) algebra ^^(g) is the associative 
C(g)-algebra with 1 and generators {cj, /», /cj^^, | 2 G [0, r]} with the relations: 



hi ' Cj ' hi 



-1 



' fj fj ' 



din 



Qi-Qi 



-1 ' 



' fj ' 



kj • kj^j 
ki-D, 



-<5io f 
J 11 



1-aij 




' 1 - 

n 


E 




n=0 




1—aij 




" 1 - ( 


E( 

n=0 


-IT 


n 



fi ' fj ' fi 



{i^3)i 
{^^3)■ 



-I qi 



The generators {e,, /« | i G [0,r]} are called the Chevalley generators. 

7.2.3. The quantum enveloping algebra Uq{g) is a Hopf algebra. The Hopf algebra 
structure is as follows. 

The coproduct map A : Wq(g) Uq{g) ®Uq{Q) is 

/\ '. hi I ^ hi hi J 

A : Cj 1-^ Cj ® 1 + fcj Cj, 
A: fi^ fi® ki~^ + 1 ® /i, 
A : D ^ D D. 

The antipode map S : Uq{g) — > Wq(0) is 

S '. ki \ ^ ki , S : Ci \ > ki Cj, S : fi \ ^ fiki, S : D \ > D 
The counit map e : V{g{g) C(g) is 

e : ki \—>- 1, e : Cj I— > 0, e : /j i— >• 0, e : D i-^ L 
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7.2.4. Triangular decomposition. The Cartan subalgebra Wq([)) is generated by 
{ki, D}ii^[Q r]- The (positive) Chevalley generators {ei}jg[o,r] generate the positive roots 
subalgebra Uq{h+) and the (negative) Chevalley generators {/j}ie[o,r] generate the neg- 
ative roots subalgebra Uq{n-). As in the finite case ||Ros88|| , Uq{g) has a triangular 
decomposition Uq{g) ~ Uq{h ) ® Wg(f)) Wg(fi+) (vector space isomorphism by multi- 
plication). 



7.2.5. Derived algebra. The derived quantum affine algebra Wq(g'), which is the 
quantum enveloping algebra of the derived affine algebra q', is the subalgebra of Uq^Q) 
generated by {cj, /cf \ /j}jg[o,r-] (i-e. excluding D"^^). Let h{q{h'_^_), Uq{\]') and Uq{x\!_) 
be the positive roots subalgebra, Cartan subalgebra and negative roots subalgebra 
of Uq{Q'), generated respectively by {cj}, {ki} and {fi}. There is a corresponding 
triangular decomposition Uq{Q') = Uq{x\!_) ®Uq{\)') ®Uq{n'j^). Clearly Uq{n'^) ~ Wg(fi+) 
and Uq{x\!_) ~ Wq(n_), but Uq{\)) is an extension of Uq{\]') by the grading generator D. 
D is called the derivation or scaling element of Uq{Q)- 



Notation. For e G C^, define := e'^\ Denote by [n]^ and 



n 
m 



in C the 



specialisation of the g-numbers [n] and 



n 
m 



in C [q, q ^] at g = e. 



Definition 7.2.6 (specialisation). Define the following elements in ^^(g) 



hi 



ki ki 



-1 



and 



d:-- 



D-D 

7-1 



Define ^^(g) to be the C [g, g~^]-subalgebra of Uq{g) generated by 

{diifiiki ,D ,hi,d}. 

For e G C^, I define the specialisation of W^(0) at g = e to be Ue{g) := W^(g)/ {q — e). 

7.2.7. The affine Lie algebra g associated to the affine Cartan matrix {O'ij)i,je[o,r] 
has generators {hi, Cj, fi,d \ i E [0, r]}, which satisfy the following relations (Chevalley 
presentation) 



hi, hj 

hi, Cj 

d, hi 



0, 



0, 



fj 
^ii fj 

d,ei 



^ijhi, 
^ioCi, 



ad(e,)i-<^-(e,) = 0, ad(/,)^-'^- (/,) = 0. 
Let W(g) be the universal enveloping algebra q. 
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Proposition 7.2.8. ||Lus88| , PCK90|| LeiWi(g) be the specialisation ofUj,{Q) at q 



1. The following map Ui{g)/{ki — 1, D — 1 \ i E [0,r]) — > ^(fl) o C-algebra 
isomorphism 

hi, d ^ d. 

Remark 7.2.9. Fix i G [0,r]. The elements {cj, fcj'^^ /,} in Uq{Q) generate a Wg(sl2) 
subalgebra of Uq^Q). 

The generators {cj, (/cj)^''^, G [1,?"]} generate a Wg(g) subalgebra of V{q{g). 

7.2.10. Let (aj)jg[o,r] £ be the unique vector of coprime positive integers that 
satisfy Z^^^o '^u'^i ~ ^ (with qq = 1). Then {qq, . . . ,0^} are the Coxeter labels (or 
Kac numbers) of the Dynkin diagram of Q. Recall that the canonical central element 
of g is given by J2i=o (lihi, where {a^, ... , a^} are the dual Coxeter labels (dual Kac 
numbers) of g satisfying I][=o^/'^«i — i'^^ — ditti). 

Lemma 7.2.11. The canonical central element ofUq{Q) is 

C:= n 

je[o,r] 

Proof. It is easily checked that C commutes with all the Chevalley generators of 
Uq{Q). I show that C commutes with cj. A similar simple calculation shows that C 
and fj commute. 

r 

C ' di = Y\ ^* * ' 

r 



1=0 



e, ■ a 



The last step follows from the symmetry of the symmetrised Cartan matrix: dittij = 
djttji and the definition of the Coxeter labels. □ 

7.2.12. Gradations. Let (M, +) be an abelian group. Then an M-gradation of 
Wg(g) is a decomposition with respect to M: 

l^M ■■= W,(g)(„), 

such that Va,/3 G M, lAq{Q)(a) ■W(j(s)(/3) ^ ^g(fl)(«+/3)- An element x G Uq{Q)[a) is said 
to have degree a (degx = a). 

Let s := {sq, . . . , s^) G Z*""*"^. Then 

degei:=Si, deg/i:=-Si, 
deg ki := 0, deg D := 0, 

defines a (Z, +)-gradation of Wq(g), (which in the classical case, Kac calls a Z-gradation 
of type s). For example choosing Sj = 1 (z G [0,r]) gives the principal gradation of 
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Ug{g). Choosing instead Sq = 1 and St = {i E [1, r]) gives the homogeneous gradation 

Let Q := J2i(^[o,r] be the root lattice of (see |7.3.2| ). There is a Q-gradation of 
given by 

degei:=ai, deg/i:=-ai, 
deg hi := 0, deg D := 0. 

Lemma 7.2.13. The map uj : Wg(g) Kqis) 

ki ^ k~\ D ^ D-\ 



extends as an C-algebra anti- automorphism to the whole ofUq{Q). It is called the 
Cartan involution oflAqi^Q). 

The following map : lAq{Q) ^qid) is a C-algebra automorphism ofUq{g) 

ki\^ ki, D ^ D, 

Cj ' ^ fit fi^ ^ Gi- 

7.3. Lattices and Weyl group 

7.3.1. Recall from |4.3| the definitions of the following structures associated to g. 



The weight lattice P of g over Z has generators uji {i G [1,t]) 

P := ^^i- 

«e[i,r] 

The simple roots of g are := J2je[i,r] (^ij^j ^ [1;''^]) the root lattice of g is the 
sub-lattice of P generated over Z by {ai | z G [1, r]} 

Q := ^^i- 

ie[l,r] 

The coroot lattice is the lattice dual to P over Z: := Hom(P, Z), with a basis 
(i G [1, r]) with the pairing (-, ■) : P x Z given by 

Then (Q;j,aJ) = Ojj. 

Let be the Weyl group associated to g with generators Sj (the fundamental re- 



flections) as defined in |4.3.6| . The Weyl group W acts on P as 

Sj : X X — (x, a()ai (x G P). 

Q is invariant under the action of W. The set of simple roots is 11 := {ai \ i G [l,?"]}. 
The root system P of g is the subset of Q given by the VT-orbit of 11, P := ■ 11. 
P+ := Ncjj and := Y.i<^[i,r] ^'^i- The set of positive roots of g is P+ := PnQ+. 
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The coroot lattice can be embedded in the coweight lattice P^, which is the dual 
lattice to Q, -P^ := Hom((5, Z), with basis {u"^ M ^ [1; ^-^id pairing 

(■,-)':QxP^^Z, 
{ai,u])' = 6ij. 

The embedding is given by = r] cnj^] ■ Note that the two pairings coincide on 
Q X Q^: 

■)|QxQv = (-, ■)jQxQV. 

Let := {a^ | i G [I5 be the set of simple coroots and B)^ := W ■ 11^ be the coroot 
system of 0. The correspondence G [l,r]) extends to i? P^. The Weyl 

group acts on by 

Si : X ^ X — {ai,x } G P ). 

The coroot lattice is invariant under the action of W: 

V V / V\ V 

Si : (-^ aj — [Oi, jaj . 



From [4.3.111 it follows that {a,a^) = 2 for all a G R. 



7.3.2. Affine Weyl group. The affine Weyl group of g associated to (ajj)i,je[o,r] 

has generators {sj | i G [0,r]} and the relations of [4.3.6| (with niij = 00 if !h2^ > 

Let P := I]ig[o,r] '^^i be the affine weight lattice of q with basis {ui \ i E [0, r]}. Let 
{tti := J2je[o,r] (^ij^j I ^ ^ [0'''^]} be the simple roots of g (ao is the extra root). Define 
the affine root lattice of g to be Q •= J2ie[o,r] ^oti. 

7.3.3. Symmetric form. I define a bilinear map (-,■): P x Q ^ Z 

(cui, aj) := dibij. 

Note that the restriction of this pairing to Q x Q defines a symmetric Z- valued bilinear 
form on Q, since 



7.3.4. Extended afRne Weyl group. Following ||Bec93|j , I make the following 
definitions. 

Define the extended affine Weyl group W :=W ^ P^, where the semi-direct product 
is defined using the action of W on P^ to be 

(Wl, Xi) ■ (W2, ^2) '■= {WiW2, W2^{Xi) + X2) (VWi, W2 G W; Xi, X2 G P^). 

The identity element in W is (1, 0) and for each {w, x) E W the inverse is {w^^, —w^^{x)) 
{w eW, X e P^). Write w for {w, 0) eW {w eW). Also write x for (1, x) {x G P^). 

Notation. Let a e R. Define s„ to act on x G P (x, 0^)0; and to 

act on x"^ G P"^ as s„(x^) = x"^ - {a^x'^Ya^. 
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Denote by 6 := I]je[i,r] '^i'^i highest root in of g and 6*^ the highest coroot 
of 0. Let So = (se,6'^) G W. The set {sj | i G [0,r]} of 1^ generates the affine Weyl 
group W . Therefore Ty is a subgroup of W\ in fact ly is a normal (Coxeter) subgroup 
of W . The quotient group T := W/W is a finite group (a certain subgroup of Dynkin 
diagram automorphisms of q) |Pou68| , VI]. A diagram automorphism t eT acts on W 
as TSiT~^ = Sr{i)- Then I can identify W = T \k W. In T kW the product is given by 

Define the canonical imaginary root of g to be 

6 := ao + 9 = aiUi. 

ie[0,r] 

The pairing (-, ■) : P x Z extends naturally to a pairing (-, ■) : P x Z 

and hkewise the pairing (-, ■)' : Q x P^ to Q x ^ Z. 

The extended affine Weyl group W acts on Q: in particular the elements of act 
on Q as 

7.3.5. Root system. Let R be the (finite) root system of g. Recall that the root 
system P of g is infinite dimensional and has the following structure. 
There are real roots and imaginary roots. The set of real roots is 

^"•^ := {a + n5\ae R,ne Z}. 

The set of imaginary roots is 

R^^ ■= {nS\ne Z^}. 

The real roots are generated by the action of W on the simple roots, R^"^ = W ■ II. 
The imaginary roots are fixed by W: Si{n6) = n6 (for all i G [0,r] and n G Z), since 
{S,a^) = (z G [0,r]). The positive real roots are 

R'^ ■= k'^ r}Q+ = {13 + n5 \ 13 e R,n e Z>o} U {a | a G P+}. 

The positive imaginary roots are 

^im _ ^im n g+ = {ri(5 I n G Z>o}. 

Finally the root system and positive roots are 

P := k'' U P''", 

p+ := png+ = k^vjk^. 



7.3.6. Ordering of P_|_. Recall [4.5.5| that a reduced expression of the longest ele- 
ment wq eW gives an ordering in P_|_ and a corresponding ordering of — P+. Defining 
also a + m5 > a + nS, if m > n (a G PU {0}, m, n G Z>o) and P + n6 > m6 > —[3 + p5 
{j3 G P+, m,n,p G Z>o), gives then a ordering of P+. 
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7.4. The braid group action 



The resuhs from this section will be used in p.3| when a quantum affine algebra at a 
root of unity is considered. 

Notation. I define for each n & N and i G [0, r] the following elements in V(q{Q) 

i ^^A 



and fl 



7.4.1. Recall from |4.5.3| that the braid group of W associated to g acts as a group 
of automorphisms on Uqi^Q). This result extends |P^us93|| to an action of the braid group 
B associated to W on Wg(g) as a group of automorphisms. The generators of B are 
{T^^ I i G [0, r]}. Let / be the length function on W . Let Si^Si^ ' ' ' Si„ {ik ^ [0, r]) be a 
reduced expression of w & W {l{w) = n). Then define := Tj^Tj^ ■ ■ -Tj,^. The map 
W ^ B, that maps w such that T^^Ty^^ = T^^^j if ^(""^i) + L{w2) = l{wiW2), is 
unique and well-defined. The action of the braid group generators on the generators 
of Uq{Q) is given by 

Ti '. ki \ > ki , 

Tr. kj ^ k.k-''^^ (i^j), 

Ti '. Ci ^-^ —kifi, 

n=0 

Ti '. fi i * ki Cj, 

n=0 

The action of the inverse elements is given by Tf^ = ip o Ti o ip~^ (z g [0, r]). Note also 
that Ti o u = uj o Ti {i G [0,r]). The braid group B and its action on lAq{Q) can be 
extended ||Bec93| ] to include also the finite group T with a natural action on Uq{g), so 
giving the group B of automorphisms of Wg(g) associated to ly = T x W. For r eT , 
define T^ which acts on Wg(g) as 

Tr{ei) = e^(j), = fr(i), 

Triki) = fcr(i)- 

The group B is then generated by {T^^ , T^ | i G [0, r] , r G T}. 

7.4.2. Lattice of translations. The subgroup of W , induces a subgroup V 
(the lattice of translations) of i?, whose generators are {(Tt^v)='=^ | i g 

Remark 7.4.3. Note the action of B on Uq{Q) is only known in terms of the gener- 
ators {Tj, Tr I i G [0, r] , r G T} that correspond to the T kW form of W^: calculating 
explicitly the bijection between W k and T k is somewhat complicated. From 
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here on this bijection will be assumed and braid group generators {Tj,T^v | i g [1,t]} 
corresponding to the W k form of W will be used. 

Notation. Define an orientation (colouring) of the vertices of the Dynkin diagram 
of 0, by a map o : [l,r] —>■ {1,-1}, such that if a^j < then o{i)o{j) = —1. Then 
define T^v ;= o{i)T^y. 



7.5. Drinfeld's presentation 



In |Pri88|| Drinfeld introduced an important loop-like presentation of Wq(g) which I 
now describe. It turns out to be very useful for many calculations and applications of 
quantum affine Kac-Moody algebras. 



Definition 7.5.1. [Pri88|| Let g be a simple, rank r Lie algebra, with Cartan ma- 
trix (a.ij)j.j6{i,...,r}- The centrally extended quantum loop algebra Uq{L{g)) of g with 
derivation is defined to be the associative C(g) -algebra with unity 1 and generators 
{E+^\E-^\H'^,Kf\-f^^,D^^ I z e [l,r] , m e Z, n G Z^} (7^^ is central) satisfying 
the relations: 



-1 



7 ■ 7 



1 = 7 -7, 



D-Ki = K,- D, 



D-D 



-1 



1 = D-^ ■ D 



K, ■ K7^ = 1 = Kr^ ■ 



D-W„- D-' = q-Hl 
D . E^^ . D-' = q-^Et' 



»i'"Jft 7 - 7 



m 



1 ' 



[aij-m] 



m 



i{m-n)^+,i _ ^-\{ni-n)j^-,i 
^ij I Ym+n I Ym+n 



-1 



qi - qi 

77>±,i rrij „='=aij T-Tit J 77i±,« _ ^'^"■ij J7>±,i JP^d JP^'i ??±)* 
- ~ qi ' ^m+l — qi ' ^n+l ~ ' ) 



1—aij 

n=0 CTSSl-a,,- 



1 - a,; 



n 



E. 



±,i 



^(1) 



m<T(n) P m<T(n + l) 



m<T(l-a,^) 







The last two relations are the g-Serre relations. I call the former the quadratic Serre 
relations and the latter simply the Serre relations. The {4'm\'^m^ | i G [1, r] , m G Z} 
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are defined by equating powers of z in tlie formal series: 

/ oo N 

E ^t^z-^ := exp (g, - q-') ^ E^z-- 



n=l 



K-'expi-{q,-q.')J2W^z- 



n=l 



Lemma 7.5.2. There is a family ofUq{Q) subalgebras ofUq{L{Q)) parametrised by the 
elements m E'L. Let {kf^ ,ei, fi] be the standard generators ofV{q{g). The embedding 
of each subalgebraUg{g) "-^ Ug{L{Q)) is given by the C{q)-algebra homomorphism: 

The 'horizontal' subalgebra corresponds to the case with m = 0. 

Proof. The homomorphism is easily checked explicitly. □ 

Recently Beck gave a constructive proof of the following theorem by Drinfeld. 

Theorem 7.5.3. ||Dri88|| The quantum affine Kac-Moody algebra Uq{g) extended by 
a central element (satisfying C = Yli^^ki"'^) is isomorphic as an algebra to the 
centrally extended quantum loop algebra lAq{L{Q)) . 



Proof. The theorem is proved in |Pec93|| , where the isomorphism Uqi^Q) — > Uq{L{Q)) 
is shown to be: 



72 

D = D 



e: 



{^e[l,r]) 
(m e Z) 





— ki, 


V'o'* = 




(ze[l,r]) 










(m G Z>o), 


l/j-m = 








(m e Z>o), 


Hln = 




- - E p^^-pH; 


(m e Z>o), 


\qi - Qi 


TTl 

— m 








(m e Z>o). 



The elements in Uq{L{Q)) on the left-hand side of each equation are the image under 
the map of the elements in Wq(g) on the right-hand side. □ 

Corollary 7.5.4. The derived quantum Kac-Moody algebraUq{^) is isomorphic to 
Uq{L{Q) ), the subalgebra of Uq{L{Q)) without the derivation D. 

The elements E^ and V'm'* fixed under the action of the translations T^v and 
7Tj^v respectively (see [ pam93| , §4]): 
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Corollary 7.5.5. Letm e Z>o. Then 

Remark 7.5.6. In Drinfeld's presentation of Uq{g), the Cartan subalgebra Uq{[)) is 
generated by {Kf\-f^^ , D^^}. The set {Ep\E^\Hl^ \ m e Z>o} generates Wg(n+) 
and {Eq'\E^'\HI^ \ m G Z<o} generates Wg(n_). 

7.5.7. Basis. For fixed m G Z^, the generators {H"!^ \ i[l,r]} are the imaginary 
root vectors associated to the imaginary root m6. The generators {H^^ | i G [1, r] , m G 
Z>o} are the positive imaginary root vectors and {H^_m I * ^ [l,r],m G Z>o} the 
negative imaginary root vectors. The generator E^^ corresponds to the real root 
±aj + m5. 

Let Sj^Sjj ■ ■ ■ be a reduced expression of the longest element Wq G W . Then the 
ordered set {[3k := SjjSjj ■ ■ ■ | k G [l,^]} is with an ordering. For each 



m G Z, I define 



Then the set {Eq'^'" , E^^*" , H^^ \ m G Z>o,^ £ [l;'^]} generates a basis of Wg(n+) in 
an appropriate order (such as the one in [7.3.6| ). Similarly {Eq'^'' , E^'^'' , H^^ \ m G 
Z<o, k G generates a basis of Ug{h_). 

The basis of Wg(^) is simply 

7.5.8. The Hopf algebra structure of Uq{L{Q)) is not known explicitly in terms of 
Drinfeld's generators. However Chari and Pressley have given some partial results for 
the coproduct of Ug{L{sl2)) [ pP91b|| . Beck recently presented a construction of the 



coproduct for the real root vectors {E^'^\m G Z} in Uq{L{Q)) using the 7?.-matrix of 
Uq{g). From this the coproduct for the imaginary root vectors can also be deduced. 

7.5.9. The set {Ki, H^^, j"^^ \ m G Z}jg[i_r] generates a subalgebra Uq{S)) of 
called the Heisenberg subalgebra. If I adjoin the formal central elements ln(g) and 
ln(g)~^ to the algebra, then the generators {H^, Ki,x'' \ i G [1,t]} (x* conjugate to 
the zero mode momenta Kf. [Ki,x^] = ln{q)6^^ Ki) are Fourier modes of g-analogue 2d 
chiral bosonic quantum fields {(j)^{z)}: 
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Here the finite difference operator acts as dgf{z) := on any complex func- 

tion f{z). Tliese g-bosonic fields play a crucial role in the constructions of bosonisations 
of quantum affine Kac-Moody algebras and their vertex operators (see the references 



cited in |1.3.1| and references therein) . 



Remark 7.5.10. Setting 72 to 1 in Uq{L{g)), corresponds to having zero central 
extension in the classical limit. I define the quantum loop algebra of g (with zero 
central extension) tobeWg(L(g)) := Wg(L(g))/(75 — 1). The subalgebra Wg(i3)/(7^ — 1) 
of Wq(L(g)) forms a commutative subalgebra. So the Cartan subalgebra of Uq{L{Q)) is 
generated by {Kf^ ,D^^} yjUq{S)) / {^i^ - 1). 

Lemma 7.5.11. Let m,n e'L he two integers such that m > n. 
(a) If m = n + 1 

m n n m 

(h) For i,j G [1, r] 

e 

p=l 

(c) If m > n + 2 and m — n is odd, then 

m—n—l 

rp±,irp±,i ^±2 rp±,i rp±,i _ ( +A -r \ ±20-1) p±,j p±,i 

i=i 

(d) If m > n + 1 and m — n is even, 

m~n—2 



±2(i-l)p±,i p±,j 
m-j 



2 2 



Proof, (a) The m = n + 1 case follows immediately from the quadratic Serre 
relations. The proof of (b) is by induction for fixed n using the quadratic Serre relations 
recursively, (c) and (d) are special cases of (b). □ 



Remark 7.5.12. Note that in the case of Ug{L{3l2)) there are no Serre relations just 
as in the classical case, but there are the quadratic Serre relations. So lemma |7.5.11j 

allows us to order the sets of root vectors and {i?~}mez in Uq{L{sl2)) and 

within the ^^(st) subalgebras of ^^(g). For i,j such that aij = 0, the Serre relation 
tells us that i?^'* and E^'^ commute for all m, n G Z as for a classical affine Kac-Moody 
algebra, so the quadratic Serre relation is trivially satisfied. On the other hand for i,j 
such that aij < 0, the quadratic Serre relation gives additional relations to the Serre 
relation. 
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7.5.13. Let {H^^, E^'\ k,d \ m E Z} denote the usual loop algebra presentation of 
U{q) with central element k and derivation d). The generators satisfy the relations: 



E. 



±4 



-\-n F^'^ 
-'-'^ij ■'-'m+ni 

0, 







Lemma 7.5.14 (classical limit). Define 1{a{L{q)) to be the C[q,q~^]-subalgebra 
ofUq{L[Q)) generated by 



-1 ' 



-1 



q-q~ 



q-q 



■ 1 ' 



and all the generators of Uq{L{Q)) . Let e G C^. Define the specialisation of Ujs,{L{q)) 
at q = e to be Ue{L{Q)) := U_a{L{q)) / {q — e). The quotient algebra Ui{q)/{D — 1,7^ — 
Iji^j — l|i G [1,t]) is C-algebra isomorphic to U{q): 



HI, 



HI, 
k ^k. 



m m 5 

d ^ d. 



(m G Z) 



Remark 7.5.15. From lemma |7.5J^lj ^it follows that the quadratic Serre relations 

with i = j (and in particular for Uq{L{5l2))) become trivial at the specialisation q = I, 
as would be expected for consistency. The quadratic Serre relations have no classical 



analogue with i = j: 



OinW(L(0)). 



7.5.16. In Drinfeld's presentation the C-algebra anti-automorphism u (Cartan in- 
volution) takes the form 



K7\ 



72 [— 7 



E. 



±,i 



E. 



HI 



Definition 7.5.17. There is a natural homogeneous Z-gradation 01^5(^(0)) given 



by: 



degir, = 0, 
degHi^ = z' 



deg72 
deg^^;;;-* 



degD = 0, 
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7.5.18. The evaluation map. Let n > 1 and let g be a affine Lie algebra of type 
A^^-i — sin- The evaluation map of the quantum affine Kac-Moody algebra Wg(s[„) — >• 
Uq{sln) ®C [z, z~~^] was first constructed by Jimbo ||Jim86|] . Chari and Pressley ||CP91b|| 



studied the evaluation representations (corresponding to the homogeneous gradation) 
ofUq{sl2) in detail. Apparently it is not possible to construct evaluation representations 
of Uq^o), for Q of affine type other than A^^^^. 

The evaluation map ev^ is useful because it allows one to construct loop modules 
of Uq{sln ) over Wg(s[„) -modules and also to construct parameter dependent solutions 
of the Yang-Baxter equation (see also [BDGZ93|). When the formal parameter z is 



taken to be a non-zero complex number a then ev^ : Uqisin ) — ^ Uqisin) and irre- 
ducible finite dimensional representations of Uq{sln ) can be obtained. Note that an 
evaluation map of Uq{sln ) onto a finite dimensional highest weight Wg(s[„) -module is 

not in general a highest weight representation of Ug{sln ), since Cq and /o are mapped 
into the Uq{n_) and Uq{n^) subalgebras of Wg(s[„) respectively. The evaluation map is 
not a Hopf algebra map, so in particular the tensor product structure of Ug{sln)-loop 
modules is different from that of the corresponding Wg(5[„)-modules. The evaluation 

representations of V(q{si2 ) have been classified by Chari and Pressley ||CP91b| . 



Remark 7.5.19. Recently an interesting two parameter (elliptic) deformation of sl2 
was introduced ||11JKM-^94|| . 



7.6. Heisenberg subalgebra 

In this section I consider the Heisenberg subalgebra Uq{S)) of Ug^Q), which has the 
generators {H^, Kj 
Ug{SS) and 



'±1 +- 

,72 



Jm+n,0" 



n G Z^}jg[i^r]- The generators Kf^ and 7^2 are central in 



m 



Ij - Qj 



{m,n G Z^i,j G [l,r]). 



Let Ug{S}~^) and Uq{S) ) denote the commutative subalgebras of Uq{S)) generated by 
{if^ I n G Z>o} and {/J^ | n G Z<o} respectively. 

Remark 7.6.1. The Heisenberg algebra of Uq{S)) of lAg{sl2) is essentially an infi- 
nite dimensional generalisation of the Heisenberg subalgebra of the g-oscillator algebra 



mentioned in 5.3.3 



7.6.2. Let Uji^{S)) denote the C [g, q ^]-subalgebra oiUg{S^) generated by {7^2 , k : = 

^^E^,Hl := , H'Jm E Z,i E [l,r]}. Let e G C^. The specialisation of W^(^) 

at g = e is We(i^) := Uj[{Sj)/{q — e). Let W(^) denote the Heisenberg enveloping 
subalgebra of U{q) introduced in [7.5.13| , generated by {k,Hl^ \ m E Z}. From [7I5.14| 
it follows that Wi(io)/(7 — l,Ki — l\i E [1,t]) — U{SS). The isomorphism is given by 
ifl I— >• ffl and k ^k. 
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7.6.3. Let F be a Fock module over C{q) of Wg(^), generated by an element Vq G F, 
called the vacuum vector, such that lAq{S)^) ■ f o = and F = Ug{S)~) ■ Vq. 

Lemma 7.6.4 (Irreducibility). F is an irreducible representation ofUq{Sj), if and 
only ■ t> 7^ t> (v & F). 



Proof. The proof is similar to the classical case [ KK87| , 2.2]. From any element 



of F one can reach the vacuum vector vo by appropriate applications of elements of 
Uq{^^)- Then acting with elements of Uq{S)~) any other element of F can reached. If 
7^ ■ f = f (f G -F), then clearly [Hl^,Hl] acts on F as 0, which would give a trivial 
representation. □ 



Notation. A nonzero complex number is called generic, if it is real or if it is not 
equal to a (nontrivial) root of unity. 

Lemma 7.6.5. Let F be a C{q)-Fock module ofL(q{Sj) with vacuum vector Vq. F4 : = 
^a{^) ■ Vq is a W^(io) submodule of F. If F is an irreducible Fock module ofUq{S)), 
then the Fock module Fjs, over Ujs,{S^) is also irreducible. 

Let e G . Then F^ := F4/ {q—e) is aUe{S)) submodule of F^. If F^ is an irreducible 
Fock module ofUj\^{S)), then its specialisation F^ over Ue{S)) at generic q = e is also 
irreducible. 

7.6.6. Let F be an irreducible Fock module of Uq{S)). When the central elements 
7 and Ki {i G [1,t]) of Uq{S)) act on F with eigenvalues g'^ (c G Z) and g"' (a^ G Z, 
i G [1,t]), I call c the level and a := the charge (or momentum) respectively 

of the Fock module F . Write Fa for F, when it is necessary to emphasise the charge 
of F. 

In the following I will only consider (non-trivial) representations with non-zero level 

c G Z\ 

Lemma 7.6.7 (Intertwiners). Let [i G [l,r]) be the zero mode coordinate con- 
jugate to Ki introduced in [7.5.9| . Let F^ and Fp be two level c Fock modules over 

V(q{Sj) with charge a and /3. Then the map e^i=i^'^^~°'^^^' : Fa ^ Fp is a Uq{9}) -module 
intertwiner from Fa to Fp. 

Proof. Follows straightforwardly from ■ e^^ = q^'^ e^^ ■ Ki and [H!^,x^ =0. □ 
7.6.8. Recall from [7.5. 16| that the Cartan involution uj of Uq{S)) is 

q ^ q~\ Hl^ ^ Hl^, 
Ki ^ ^ ^^ 

K — 

which extends as an anti-automorphism to all of Wq(^). Note that the elements q_q-i 
ci'iid in Uq{S)) are invariant under u. Hence the elements Hq and k in Ujs,{SS) and 

Ue{S)) are u invariant. Clearly u is also an anti-automorphism of U_a{S)) and U^^Sj). 
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7.6.9. Let (-,■): F X F C{q) denote the unique scalar product on F, which is 
contravariant with respect to cu: 

{x ■ V,w) — {v, U!{x) ■ w), 

yx e S^,v,w e F 

[V, X ■ W) — [UJ[X) ■ v,w), 

and normahsed so that {vo,vo) :— 1. Denote by {■,-)a and {■,-)e the induced scalar 
products on F4 and F^. 

Lemma 7.6.10. The triple {F, {■,■), uj) is a -representation ofUq{Sj). The triple 
(F4, (•, ■)a,^) is a -k -representation oflAA{SS)- Let e G C^. The triple (Fg, (-, ■)^uj) is a 
-k -representation ofUe{S^). If e e ]R>o then (F^, (•,•), a;) is a unitary representation of 

Proof. For e positive, it is easily checked that the sesquilinear scalar product is 
positive definite. Hence in this case the representation is unitary. □ 



CHAPTER 8 

Quantum affine algebras at a root of unity 



8.1. Introduction 

8.1.1. In this cliapter tlie specialisation of the quantum affine Kac- Moody algebra 
at an odd primitive root of unity is studied. Using the action of Beck's extended 
braid group 13 introduced in the previous chapter on some well-known central elements 
in h(^{g), I construct an infinite number of central elements in U^{q) lying in U^{n±). In 
fact I prove that, at an odd i-th root of unity, the i-th power of every real root vector 



in We (3) is in the centre (proposition |8.3.5D . 



The Heisenberg algebra Ue{9)) is also studied at odd and even roots of unity. It is 
found that it also contains an infinite number of central elements: the generators of 
the extended centre of U^{SS) are in fact the generators that have mode number, which 
is an integer (half integer in the even case) multiple of Further it turns out that the 
extended central elements of Ue{S)) are also in the centre of 

The centre of U^{g) is infinite dimensional. Nevertheless U^{q) is still infinite 
dimensional over Z^, in contrast with the finite case. 



8.1.2. Until now, quantum affine algebras at a root of unity have only been studied 
with zero central extension. In particular their (finite dimensional) minimal cyclic 
representations has been constructed |pjMM9q , pjMM91b| , |AC914 |CP91a|| . In this 



chapter infinite dimensional representations oiUq{g) and Ue{Q) are also discussed. The 
results on the representation theory are not definitive, but I am able to construct some 
new representations of hleio), which are infinite dimensional and either nilpotent or 
semicyclic. It is also possible to construct cyclic representations, on which all the real 
root vectors act injectively. 

The Fock modules over the Heisenberg subalgebra U^{S)) become reducible at the 
root of unity because of the new central elements. However it is possible to quotient 
by a maximal submodule generated by all the singular vectors giving an irreducible 
representation. An alternative approach is to take a Lusztig form of U_a{S^), in this case 
at the specialisation at a root of unity the algebra is still isomorphic to the classical 
Heisenberg subalgebra. 

8.1.3. Historical note. Let me mention how I came upon the results concerning 
the central elements generated by the real root vectors in the algebra. Initially in the 
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Summer of 1993, I started by considering Drinfeld's presentation ofUq{sl2) and made a 
conjecture that the generators corresponding to real root vectors to the i-th power were 
centraL For a long time I could only check the conjecture for generators with small 
mode number by rather long tedious calculations and with help from the symbolic 
manipulation programming language FoRM ||Ver89|| . Then at the end of April 1994 



I received the paper of Beck that proved the isomorphism between the Drinfeld and 
Chevalley type presentations of Uq{g). After I had read this paper, I then realised that 
I could apply his extension of the braid group action on U^{g) to prove my conjecture 
for general q. 

8.2. Heisenberg subalgebra at a root of unity 

8.2.1. Let i be an integer such that £ > 2 and I > di {i (z [0, r]) and fix e to be an 
primitive £-th root of unity (e^ = 1)- As usual define 

if I is odd, 
if £ is even. 



2 



Proposition 8.2.2 (centre). The elements {Hf^^, \m e [l,r]} are central 

in U^{Sj) at the root of unity e. In fact these elements are also central in IA^{q) at the 
root of unity. 

Proof. This follows immediately from the commutation relations in [7.5. 1| , since 
[mf]^ = for all m G Z. □ 

8.2.3. So at an £-th root of unity the centre of the Heisenberg algebra U^^S)) is 
infinite dimensional. It is generated by {'j'^2^Kf^,H^g, \ m G Z^,i G [1,t]}. The 
generators if^, with mode number m equaling a multiple of i', 'decouple' into the 
centre of the algebra. 

Corollary 8.2.4. The Fock module ofU^{Sj) at the root of unity e is reducible. 

Proof. This is clear since the central elements H^_me' ^ Z>o, i G [1,t]) generate 
an infinity of singular vectors in F^. □ 

8.2.5. At the root of unity I define a new triangular decomposition of U^{$^). Let 
We(^+), We(^o) and Ue{S^'_) be the commutative algebras generated respectively by 
{Hl\m G Z>o \fZ>o}, {^^"^^Kt\Hl,\n G fZX} and {H'Jm G Z<o \fZ<o}. 

Lemma 8.2.6. Define F^ to be a Ue{SS) -module at the root of unity e generated by a 
vector v'q, such that U^{S)'^) ■ v'q = F'^ = U^{S)'_) ■ v'q, and -y ■ v'q = e^VQ (c G C^). If 
c ^ i'Tj, then F'^ is an irreducible U^{S)) -module. 



(1) 



Proof. At level c, [H'^, Hi] acts on F^ as 

aijm] 



5m+n.O ■ [mc] 



The module is a highest weight module. If c G £'Z, then the right-hand side of (1) 
is always zero. Therefore every element of F^ is singular and the module is reducible. 
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For c ^ £'Z, if i,j G [l,r] are such that Ojj 7^ 0, then 
nonzero number on and the module is irreducib 
vectors. □ 



m G Z^) acts as a 
e, since it contains no singular 



Remark 8.2.7. Consider the gj-boson field (lf{z) (defined in |7.5.9| ). It is interesting 



to note that the terms in (jfi^z) that diverge at the root of unity e are exactly those in 
the central elements -ff^^/ G U^^S^'q) (diverging by a factor ) . This fact may be 

useful for the construction the vertex operators and bosonisation of Ueio) at a root of 
unity. 

8.2.8. Fix c G Z. Consider the algebra lAq{SS) '■= Wg(^)/ (7 — q'^) with generators 
:= Ki (central) and H^^ := j^f^, which satisfy 



ml n 



<5n^+n,o^^^ ■ Vl^ (m,nGZ^z,iG [l,r]). 



Note that the right hand side is well defined in C(g). Let U^{S)) be the specialisation 
of IA_a{SS). It is well-defined at the root of unity e. The right hand side is also well 
defined at the root of unity. Hl^^, are not central in IA^{S)): the centre of ^^(i^) is not 
enlarged at the root of unity e. I thank Tetsuji Miwa for giving me this result, about 
this Lusztig-like form U^{SS) of Ut{SS)- 

8.3. The centre of ^/^(g) at a root of unity 

Let (. be an odd integer, such that i > di (Vi G [0, r]) and fix e to be an odd primitive 
i-th root of unity (e = e^'^*/^). Then the following fact about the Cartan subalgebra 
generators is well known. 

Lemma 8.3.1. The elements {Kf^,D^^ \ i G are central inUeio). 

8.3.2. Recall from chapter |^ the following result concerning the centre of U^Iq) at 
the root of unity e, which is a special case of corollary [4.8.5 . 



Lemma 8.3.3. The elements and // (i G [l,r]) lie in the centre of U^{q) at the 
root of unity e. 

Proposition 8.3.4. At the root of unity e, the elements 
lie in the centre ofUe{g). 



Proof. The proposition follows from lemmas [4.8. 1| and [4.8.2[ with (g, iO'ij)i,je[i,r]) 
replaced by (g, {aij)ij^[o,r])- □ 
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Proposition 8.3.5. Let {E^'f^'' \ m e Z,k e [l,n]} be the basis of the real root 
vectors ofU^i^Q) introduced in [7.5.7| . The elements in the following set are in the centre 



ofUeig) at the root of unity e 

{{Ei'^'^Y,iE-'''Y\meZ,ke[l,n]}. 

Proof. The case m = corresponds to proposition ^.3.4| . Consider now one of 
the generators Eq'^. By applying the translation automorphism (T^v)™ (m G Z^) to 
{Eq'^Y, it follows that {E^'^Y is in the centre of Ue{Q). Let {(3k = Si^ ■ ■ ■ Si^_-^ai^ \ 
k G [1,A^]} be the set of roots of g ordered with respect to a reduced expression 
of Wo (see [7X71 ). Then {E+'I^^Y = Ti^ ■ ■ ■ Ti^_^{E^'''Y lies in the centre of ^^(fl). The 



result for E^^'' follows by applying the anti-automorphism uo and the proposition is 
proved. □ 

8.3.6. Let denote the centre oiU^{Q). Let zf^ := Kf^ and z^^ := D^^ . Denote 
by Zq the subalgebra oiU^{\)) generated by {zf^,z^ \ i G [1,t]}- 

For a G -R+ and m G Z, define Xa+mS '■= {E^"Y ^'^^ ^-a+mS '■= {E^°'Y- Let Zq be 
the subalgebra of We(n+) generated by 

{a^a, Xp+rnS, H'^i \ a G R+, p E R, Tu G Z>o, i G [1, r]}. 

Let Zq be the subalgebra of We(ft-) generated by 

{x_a,Xp+rn5,Hl^e \ a E R+,P E R,m E Z<o,i G [l,r]}. 

Let Zq'^"^ {Zq'^^) denote the subalgebra of Z^ generated by elements constructed out 
of real (respectively imaginary) root vectors. 

Finally define Zq to be the subalgebra of Z^ generated by Z^, Z^ and Zq . Then 

Lemma 8.3.7. We(fl) is infinite dimensional over Zq at the root of unity e. 

Proof. The imaginary root vectors {m E 'L\ £Z, i E [I,?"]) are not in the 
centre of ^^(fl) and do not generate central elements. Therefore as a free module over 
its centre, IA^{q) has basis elements with arbitrarily high powers of HJ^ and is infinite 
dimensional. □ 

8.4. Representations 

8.4.1. Let P and Q be the weight and root lattices of q. Let (■,■): P x Q —> Z be 
the bilinear form introduced in U .'i.'A . 



Let A = Z]je[o,r] G P be a weight of q and m G Z. Denote by M(A, m) the Verma 
module over Uqi^Q) generated by a vector v\ such that 

Wg(n+) ■ i;a = 0, 
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Of course every highest weight Wq(0)-module with highest weight (A,m), is a quotient 
of M(A,m). There exists a unique maximal proper submodule M' of M(A,m) and 
therefore the quotient L{X,m) := M{X,m)/M' is the unique irreducible highest weight 
Uq{g)-modu\e with height weight (A,m). 



8.4.2. As in the classical case |P:Cac90| , 9.2], the Verma module M(A,m) can be 



constructed as a quotient of V(q{Q) by an left ideal J{X,m) in Uq{g 



J(A,m)=W,(g) W,(n+)+ C{q){{hf'-qt'') + C{q){D^'-q' 

\ ie[0,r] 

The quotient Ug{Q)/J{X,m) ^ M(A,m). 



8.4.3. The level. Let C be the canonical central element of V(q{Q) (see [7.2.11| ). 
Define the level c of the Wg(g) Verma module M(A, m) by C ■ vx = q'^v\. 

Lemma 8.4.4. The level c of the Verma module M{X,m) is given by 



c= «j(A,ai). 

ie[0,r] 



Note that c G Z. 
Proof. 



i=[0,r] 
i6[0,r] 



□ 



8.4.5. Let be a highest weight Wq(g)-module with highest weight (A,m). Let 
fi G Q+- Define the subspace of \^ as 

V^:= {v eV \ ki-v = 

Then V admits the following weight space decomposition (Q+-gradation) 

v= e v„ 

and V is said to be Wq(^)-diagonalisable. 

8.4.6. Integrable modules of Uq{Q) can be constructed in complete analogy with 
integrable modules of Wg(g) (see |4.7.6| ) by quotienting Uq{g) by a suitable left ideal. 



8.5. Representations at a root of unity 

8.5.1. Let M(A,m) be a Wq(g) Verma module. Denote by M^(A,m) the W^(g)- 
submodule of M(A,m). Denote by M^{X,m) the Verma module, which is the 

specialisation of M_4(A,m) at g = e. 
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8.5.2. Diagonal modules. Consider the U^{g) Verma module M^{X, m) at the root 
of unity e, generated by v\. The action of the elements in Zq on v\ generates singular 
vectors in M^{q). 

Define the diagonal module Me(A,m) of U^^q) to be 

M,(A,m) ■.= M,{\m)/{U,{Q)Z^ -vy). 

The module Me (A, m) is infinite dimensional. The We(g)-submodule of Me(A, m) gener- 
ated by its highest weight vector vx is finite dimensional and coincides with the diagonal 



Wg(0)-module constructed in |4.8.6 



8.5.3. Triangular modules. Let A G P and let u be an algebra homomorphism 
V : Zq C. Define the following left ideal in We(g) 



\ie[0,r] i6[0,r] yg^" 

Then define the triangular module M^{X,m, v) over Ue{Q) to be 

Me(A, m, v) := We(0)/Xtri(A, m, i/). 

8.5.4. The triangular module Me(A,m,0) (0 : Zq 0) coincides with the diago- 
nal module Me(A,m). This is a nilpotent representation of Ueio) since the Chevalley 
generators act on it nilpotently. 

Let a e -R+. When v{iia) 7^ 0, then fa acts cyclicly in Me(A,m, z/). In the case that 
v{Zq'^'^) 7^ 0, the module is called semicyclic (semiperiodic). 



8.5.5. Central characters. Let V be an irreducible We(0)-module at the root of 
unity e, then each central element x & Z^ acts on as a scalar x{^)- The map 
X '■ Z^ is the central character of the representation. Note in particular that 

If a representation is a diagonal ZYe(g)-module, then x '■ ^0'^*^ ^ ^ For 8- 
triangular module the central character maps x '■ -^q'^'^ — » 0. In a completely cyclic 
(periodic) module x{.^p)^x{.yp) ^ (/? G -R+). 

Proposition 8.5.6. Let V he a indecomposable highest weight U^{q) module at the 
root of unity with nonzero level c such that e'^ 7^ 1 . V is infinite dimensional. 



Proof. This follows since every Heisenberg U^{Sj) submodule of V will be infinite 
dimensional. □ 



Lemma 8.5.7. Let V be an indecomposable U^{q) module at the root of unity. V has 
a finite number of weight spaces. 
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8.5.8. Let : Zq — > C, such that z^(^i), G C^. Define to be 

Pe{v) has a natural ^^(g) module structure. Every Wg(0)-module V generated by a 
single vector, with central character Xi is equivalent to some quotient module of PcXx)- 
In the case ^{Z^) = the module P^ and its quotients are called nilpotcnt. In 
the case that v{Z^'"'') = (/^(^cT''^) = 0) and ^ {u{xp) ^ 0) (/? G k^) the 

module P^ and its quotients are called completely scmicyclic (semiperiodic). In the 
case that i^ixp) ^ and v{yii) 7^ (/3 e K^) the module P^ and its quotients are called 
completely cyclic (periodic). 
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